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Preface

27

Econometrics can be a fun course for both teacher and student. The real world 
of economics, business, and government is a complicated and messy place, full 

of competing ideas and questions that demand answers. Does healthcare spending 
actually improve health outcomes? Can you make money in the stock market by 
buying when prices are historically low, relative to earnings, or should you just sit 
tight, as the random walk theory of stock prices suggests? Does heavy intake of cof-
fee lower the risk of disease or death? Econometrics helps us sort out sound ideas 
from crazy ones and find quantitative answers to important quantitative questions. 
Econometrics opens a window on our complicated world that lets us see the relation-
ships on which people, businesses, and governments base their decisions.

Introduction to Econometrics is designed for a first course in undergraduate 
econometrics. It is our experience that to make econometrics relevant in an introduc-
tory course, interesting applications must motivate the theory and the theory must 
match the applications. This simple principle represents a significant departure from 
the older generation of econometrics books, in which theoretical models and assump-
tions do not match the applications. It is no wonder that some students question the 
relevance of econometrics after they spend much of their time learning assumptions 
that they subsequently realize are unrealistic so that they must then learn “solutions” 
to “problems” that arise when the applications do not match the assumptions. We 
believe that it is far better to motivate the need for tools with a concrete application 
and then to provide a few simple assumptions that match the application. Because 
the methods are immediately relevant to the applications, this approach can make 
econometrics come alive.

To improve student results, we recommend pairing the text content with MyLab 
Economics, which is the teaching and learning platform that empowers you to reach 
every student. By combining trusted author content with digital tools and a flexible 
platform, MyLab personalizes the learning experience and will help your students 
learn and retain key course concepts while developing skills that future employers 
are seeking in their candidates. MyLab Economics helps you teach your course, your 
way. Learn more at www.pearson.com/mylab/economics.

New To This Edition

• New chapter on “Big Data” and machine learning

• Forecasting in time series data with large data sets
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• Dynamic factor models

• Parallel treatment of prediction and causal inference using regression

• Coverage of realized volatility as well as autoregressive conditional heteroske-
dasticity

• Updated discussion of weak instruments

Very large data sets are increasingly being used in economics and related fields. 
Applications include predicting consumer choices, measuring the quality of hospitals 
or schools, analyzing nonstandard data such as text data, and macroeconomic fore-
casting with many variables. The three main additions in this edition incorporate the 
fundamentals of this growing and exciting area of application.

First, we have a new chapter (Chapter 14) that focuses on big data and machine 
learning methods. Within economics, many of the applications to date have focused 
on the so called many-predictor problem, where the number of predictors is large rel-
ative to the sample size—perhaps even exceeding the sample size. With many predic-
tors, ordinary least squares (OLS) provides poor predictions, and other methods, such 
as the LASSO, can have much lower out-of-sample prediction errors. This chapter 
goes over the concepts of out-of-sample prediction, why OLS performs poorly, and 
how shrinkage can improve upon OLS. The chapter introduces shrinkage methods 
and prediction using principal components, shows how to choose tuning parameters 
by cross-validation, and explains how these methods can be used to analyze nonstan-
dard data such as text data. As usual, this chapter has a running empirical example, 
in this case, prediction of school-level test scores given school-level characteristics, 
for California elementary schools.

Second, in Chapter 17 (newly renumbered), we extend the many-predictor focus 
of Chapter 14 to time series data. Specifically, we show how the dynamic factor model 
can handle a very large number of time series, and show how to implement the 
dynamic factor model using principal components analysis. We illustrate the dynamic 
factor model and its use for forecasting with a 131-variable dataset of U.S. quarterly 
macroeconomic time series.

Third, we now lay out these two uses of regression—causal inference and 
prediction—up front, when regression is first introduced in Chapter 4. Regression 
is a statistical tool that can be used to make causal inferences or to make predic-
tions; the two applications place different demands on how the data are collected. 
When the data are from a randomized controlled experiment, OLS estimates the 
causal effect. In observational data, if we are interested in estimating the causal 
effect, then the econometrician needs to use control variables and/or instruments 
to produce as-if randomization of the variable of interest. In contrast, for predic-
tion, one is not interested in the causal effect so one does not need as-if random 
variation; however, the estimation (“training”) data set must be drawn from the 
same population as the observations for which one wishes to make the prediction.
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This edition has several smaller changes. For example, we now introduce realized 
volatility as a complement to the GARCH model when analyzing time series data 
with volatility clustering. In addition, we now extend the discussion (in a new general 
interest box) of the historical origins of instrumental variables regression in Chapter 
12. This treatment now includes a first-ever reproduction of the original derivation 
of the IV estimator, which was in a letter from Philip Wright to his son Sewall in the 
spring of 1926, and a discussion of the first IV regression, an estimate of the elasticity 
of supply of flaxseed.

Solving Teaching and Learning Challenges

Introduction to Econometrics differs from other texts in three main ways. First, we 
integrate real-world questions and data into the development of the theory, and we 
take seriously the substantive findings of the resulting empirical analysis. Second, 
our choice of topics reflects modern theory and practice. Third, we provide theory 
and assumptions that match the applications. Our aim is to teach students to become 
sophisticated consumers of econometrics and to do so at a level of mathematics 
appropriate for an introductory course.

Real-World Questions and Data
We organize each methodological topic around an important real-world question 
that demands a specific numerical answer. For example, we teach single-variable 
regression, multiple regression, and functional form analysis in the context of 
estimating the effect of school inputs on school outputs. (Do smaller elementary 
school class sizes produce higher test scores?) We teach panel data methods in 
the context of analyzing the effect of drunk driving laws on traffic fatalities. We 
use possible racial discrimination in the market for home loans as the empirical 
application for teaching regression with a binary dependent variable (logit and 
probit). We teach instrumental variable estimation in the context of estimating 
the demand elasticity for cigarettes. Although these examples involve economic 
reasoning, all can be understood with only a single introductory course in econom-
ics, and many can be understood without any previous economics coursework. 
Thus the instructor can focus on teaching econometrics, not microeconomics or 
macroeconomics.

We treat all our empirical applications seriously and in a way that shows stu-
dents how they can learn from data but at the same time be self-critical and aware 
of the limitations of empirical analyses. Through each application, we teach stu-
dents to explore alternative specifications and thereby to assess whether their sub-
stantive findings are robust. The questions asked in the empirical applications are  
important, and we provide serious and, we think, credible answers. We  encourage 
students and instructors to disagree, however, and invite them to reanalyze the  
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data, which are provided on the text’s Companion Website (www.pearsonglobaleditions 
.com) and in MyLab Economics.

Throughout the text, we have focused on helping students understand, retain, 
and apply the essential ideas. Chapter introductions provide real-world grounding 
and motivation, as well as brief road maps highlighting the sequence of the discus-
sion. Key terms are boldfaced and defined in context throughout each chapter, and 
Key Concept boxes at regular intervals recap the central ideas. General interest 
boxes provide interesting excursions into related topics and highlight real-world 
studies that use the methods or concepts being discussed in the text. A Summary 
concluding each chapter serves as a helpful framework for reviewing the main 
points of coverage.

Available for student practice or instructor assignment in MyLab 
Economics are Review the Concepts questions, Exercises, and Empirical 
Exercises from the text. These questions and exercises are auto-graded, giv-
ing students practical hands-on experience with solving problems using the 
data sets used in the text.

• 100 percent of Review the Concepts questions are available in MyLab.

• Select Exercises and Empirical Exercises are available in MyLab. Many of the 
Empirical Exercises are algorithmic and based on the data sets used in the text. 
These exercises require students to use Excel or an econometrics software pack-
age to analyze the data and derive results.

• New to the 4th edition are concept exercises that focus on core concepts and 
economic interpretations. Many are algorithmic and include the Help Me Solve 
This learning aid.

Contemporary Choice of Topics
The topics we cover reflect the best of contemporary applied econometrics. One can 
only do so much in an introductory course, so we focus on procedures and tests that 
are commonly (or increasingly) used in practice. For example:

• Instrumental variables regression. We present instrumental variables regres-
sion as a general method for handling correlation between the error term 
and a regressor, which can arise for many reasons, including omitted variables 
and simultaneous causality. The two assumptions for a valid instrument— 
exogeneity and relevance—are given equal billing. We follow that presentation 
with an extended discussion of where instruments come from and with tests of 
overidentifying restrictions and diagnostics for weak instruments, and we explain 
what to do if these diagnostics suggest problems.

• Program evaluation. Many modern econometric studies analyze either ran-
domized controlled experiments or quasi-experiments, also known as natural 
experiments. We address these topics, often collectively referred to as program 
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evaluation, in Chapter 13. We present this research strategy as an alternative 
approach to the problems of omitted variables, simultaneous causality, and 
selection, and we assess both the strengths and the weaknesses of studies using 
experimental or quasi-experimental data.

• Prediction with “big data.” Chapter 14 takes up the opportunities and 
challenges posed by large cross-sectional data sets. An increasingly common 
application in econometrics is making predictions when the number of pre-
dictors is very large. This chapter focuses on methods designed to use many 
predictors in a way that produces accurate and precise out-of-sample predic-
tions. The chapter covers some of the building blocks of machine learning, 
and the methods can substantially improve upon OLS when the number of 
predictors is large. In addition, these methods extend to nonstandard data, 
such as text data.

• Forecasting. The chapter on forecasting (Chapter 15) considers univariate 
(autoregressive) and multivariate forecasts using time series regression, not 
large simultaneous equation structural models. We focus on simple and reliable 
tools, such as autoregressions and model selection via an information criterion, 
that work well in practice. This chapter also features a practically oriented treat-
ment of structural breaks (at known and unknown dates) and pseudo out-of-
sample forecasting, all in the context of developing stable and reliable time 
series forecasting models.

• Time series regression. The chapter on causal inference using time series 
data (Chapter 16) pays careful attention to when different estimation 
methods, including generalized least squares, will or will not lead to valid 
causal inferences and when it is advisable to estimate dynamic regressions 
using OLS with heteroskedasticity- and autocorrelation-consistent stan-
dard errors.

Theory That Matches Applications
Although econometric tools are best motivated by empirical applications, students 
need to learn enough econometric theory to understand the strengths and limita-
tions of those tools. We provide a modern treatment in which the fit between theory 
and applications is as tight as possible, while keeping the mathematics at a level that 
requires only algebra.

Modern empirical applications share some common characteristics: The data 
sets typically have many observations (hundreds or more); regressors are not fixed 
over repeated samples but rather are collected by random sampling (or some other 
mechanism that makes them random); the data are not normally distributed; and 
there is no a priori reason to think that the errors are homoskedastic (although often 
there are reasons to think that they are heteroskedastic).
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These observations lead to important differences between the theoretical devel-
opment in this text and other texts:

• Large-sample approach. Because data sets are large, from the outset we use 
large-sample normal approximations to sampling distributions for hypothesis 
testing and confidence intervals. In our experience, it takes less time to teach the 
rudiments of large-sample approximations than to teach the Student t and exact 
F distributions, degrees-of-freedom corrections, and so forth. This large-sample 
approach also saves students the frustration of discovering that, because of 
nonnormal errors, the exact distribution theory they just mastered is irrelevant. 
Once taught in the context of the sample mean, the large-sample approach to 
hypothesis testing and confidence intervals carries directly through multiple 
regression analysis, logit and probit, instrumental variables estimation, and time 
series methods.

• Random sampling. Because regressors are rarely fixed in econometric applica-
tions, from the outset we treat data on all variables (dependent and indepen-
dent) as the result of random sampling. This assumption matches our initial 
applications to cross-sectional data, it extends readily to panel and time series 
data, and because of our large-sample approach, it poses no additional concep-
tual or mathematical difficulties.

• Heteroskedasticity. Applied econometricians routinely use heteroskedasticity-
robust standard errors to eliminate worries about whether heteroskedasticity is 
present or not. In this book, we move beyond treating heteroskedasticity as an 
exception or a “problem” to be “solved”; instead, we allow for heteroskedastic-
ity from the outset and simply use heteroskedasticity-robust standard errors. We 
present homoskedasticity as a special case that provides a theoretical motivation 
for OLS.

Skilled Producers, Sophisticated Consumers
We hope that students using this book will become sophisticated consumers of 
empirical analysis. To do so, they must learn not only how to use the tools of regres-
sion analysis but also how to assess the validity of empirical analyses presented to 
them.

Our approach to teaching how to assess an empirical study is threefold. First, 
immediately after introducing the main tools of regression analysis, we devote 
Chapter 9 to the threats to internal and external validity of an empirical study. This 
chapter discusses data problems and issues of generalizing findings to other settings. 
It also examines the main threats to regression analysis, including omitted variables, 
functional form misspecification, errors-in-variables, selection, and simultaneity—
and ways to recognize these threats in practice.
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Second, we apply these methods for assessing empirical studies to the empirical 
analysis of the ongoing examples in the book. We do so by considering alternative 
specifications and by systematically addressing the various threats to validity of the 
analyses presented in the book.

Third, to become sophisticated consumers, students need firsthand experience 
as producers. Active learning beats passive learning, and econometrics is an ideal 
course for active learning. For this reason, the MyLab Economics and text web-
site feature data sets, software, and suggestions for empirical exercises of different 
scopes.

Approach to Mathematics and Level of Rigor
Our aim is for students to develop a sophisticated understanding of the tools of 
modern regression analysis, whether the course is taught at a “high” or a “low” level 
of mathematics. Parts I through IV of the text (which cover the substantive material) 
are written for students with only precalculus mathematics. Parts I through IV have 
fewer equations and more applications than many introductory econometrics books 
and far fewer equations than books aimed at mathematical sections of undergradu-
ate courses. But more equations do not imply a more sophisticated treatment. In our 
experience, a more mathematical treatment does not lead to a deeper understanding 
for most students.

That said, different students learn differently, and for mathematically well- 
prepared students, learning can be enhanced by a more explicit mathematical 
treatment. The appendices in Parts I-IV therefore provide key calculations that 
are too involved to be included in the text. In addition, Part V contains an intro-
duction to econometric theory that is appropriate for students with a stronger 
mathematical background. When the mathematical chapters in Part V are used 
in conjunction with the material in Parts I through IV (including appendices), 
this book is suitable for advanced undergraduate or master’s level econometrics 
courses.

Developing Career Skills

For students to succeed in a rapidly changing job market, they should be aware 
of their career options and how to go about developing a variety of skills. Data 
analysis is an increasingly marketable skill. This text prepares the students for 
a range of data analytic applications, including causal inference and prediction. 
It also introduces the students to the core concepts of prediction using large 
data sets.
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Table of Contents Overview

There are five parts to Introduction to Econometrics. This text assumes that the stu-
dent has had a course in probability and statistics, although we review that material 
in Part I. We cover the core material of regression analysis in Part II. Parts III, IV, and 
V present additional topics that build on the core treatment in Part II.

Part I
Chapter 1 introduces econometrics and stresses the importance of providing quanti-
tative answers to quantitative questions. It discusses the concept of causality in sta-
tistical studies and surveys the different types of data encountered in econometrics. 
Material from probability and statistics is reviewed in Chapters 2 and 3, respectively; 
whether these chapters are taught in a given course or are simply provided as a refer-
ence depends on the background of the students.

Part II
Chapter 4 introduces regression with a single regressor and ordinary least squares 
(OLS) estimation, and Chapter 5 discusses hypothesis tests and confidence intervals 
in the regression model with a single regressor. In Chapter 6, students learn how they 
can address omitted variable bias using multiple regression, thereby estimating the 
effect of one independent variable while holding other independent variables con-
stant. Chapter 7 covers hypothesis tests, including F-tests, and confidence intervals in 
multiple regression. In Chapter 8, the linear regression model is extended to models 
with nonlinear population regression functions, with a focus on regression functions 
that are linear in the parameters (so that the parameters can be estimated by OLS). In 
Chapter 9, students step back and learn how to identify the strengths and limitations 
of regression studies, seeing in the process how to apply the concepts of internal and 
external validity.

Part III
Part III presents extensions of regression methods. In Chapter 10, students learn 
how to use panel data to control for unobserved variables that are constant over 
time. Chapter 11 covers regression with a binary dependent variable. Chapter 12 
shows how instrumental variables regression can be used to address a variety of 
problems that produce correlation between the error term and the regressor, and 
examines how one might find and evaluate valid instruments. Chapter 13 introduces 
students to the analysis of data from experiments and quasi-, or natural, experiments, 
topics often referred to as “program evaluation.” Chapter 14 turns to econometric 
issues that arise with large data sets, and focuses on prediction when there are very 
many predictors.

34 Preface

A01_STOC4455_04_GE_FM.indd   34 06/12/18   10:52 AM



Part IV
Part IV takes up regression with time series data. Chapter 15 focuses on forecasting 
and introduces various modern tools for analyzing time series regressions, such as 
tests for stability. Chapter 16 discusses the use of time series data to estimate causal 
relations. Chapter 17 presents some more advanced tools for time series analysis, 
including models of volatility clustering and dynamic factor models.

Part V
Part V is an introduction to econometric theory. This part is more than an appendix 
that fills in mathematical details omitted from the text. Rather, it is a self-contained 
treatment of the econometric theory of estimation and inference in the linear regres-
sion model. Chapter 18 develops the theory of regression analysis for a single regres-
sor; the exposition does not use matrix algebra, although it does demand a higher 
level of mathematical sophistication than the rest of the text. Chapter 19 presents the 
multiple regression model, instrumental variables regression, generalized method of 
moments estimation of the linear model, and principal components analysis, all in 
matrix form.

Prerequisites Within the Book
Because different instructors like to emphasize different material, we wrote this 
book with diverse teaching preferences in mind. To the maximum extent possible, 
the chapters in Parts III, IV, and V are “stand-alone” in the sense that they do not 
require first teaching all the preceding chapters. The specific prerequisites for 
each chapter are described in Table I. Although we have found that the sequence 
of topics adopted in the text works well in our own courses, the chapters are writ-
ten in a way that allows instructors to present topics in a different order if they 
so desire.
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Sample Courses

This book accommodates several different course structures.

TABLE I  Guide to Prerequisites for Special-Topic Chapters in Parts III, IV, and V

Prerequisite parts or chapters

Part I Part II       Part III        Part IV Part V

10.1, 12.1,

Chapter 1–3 4–7, 9 8 10.2 12.2 15.1–15.4 15.5–15.8 16 18

10 Xa Xa X

11 Xa Xa X

12.1, 12.2 Xa Xa X

12.3–12.6 Xa Xa X X X

13 Xa Xa X X X

14 Xa Xa X

15 Xa Xa b

16 Xa Xa b X

17 Xa Xa b X X X

18 X X X

19 X X X X X

This table shows the minimum prerequisites needed to cover the material in a given chapter. For example, estimation of 
dynamic causal effects with time series data (Chapter 16) first requires Part I (as needed, depending on student preparation, 
and except as noted in footnote a), Part II (except for Chapter 8; see footnote b), and Sections 15.1 through 15.4.
aChapters 10 through 17 use exclusively large-sample approximations to sampling distributions, so the optional Sections 3.6 
(the Student t distribution for testing means) and 5.6 (the Student t distribution for testing regression coefficients) can be 
skipped.
bChapters 15 through 17 (the time series chapters) can be taught without first teaching Chapter 8 (nonlinear regression 
functions) if the instructor pauses to explain the use of logarithmic transformations to approximate percentage changes.

Standard Introductory Econometrics
This course introduces econometrics (Chapter 1) and reviews probability and sta-
tistics as needed (Chapters 2 and 3). It then moves on to regression with a single 
regressor, multiple regression, the basics of functional form analysis, and the evalua-
tion of regression studies (all Part II). The course proceeds to cover regression with 
panel data (Chapter 10), regression with a limited dependent variable (Chapter 11), 
and instrumental variables regression (Chapter 12), as time permits. The course then 
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turns to experiments and quasi-experiments in Chapter 13, topics that provide an 
opportunity to return to the questions of estimating causal effects raised at the begin-
ning of the semester and to recapitulate core regression methods. If there is time, 
the students can be introduced to big data and machine learning methods at the end 
(Chapter 14). Prerequisites: Algebra II and introductory statistics.

Introductory Econometrics with Time Series  
and Forecasting Applications
Like a standard introductory course, this course covers all of Part I (as needed) 
and Part II. Optionally, the course next provides a brief introduction to panel data 
(Sections 10.1 and 10.2) and takes up instrumental variables regression (Chapter 
12, or just Sections 12.1 and 12.2). The course then proceeds to Chapter 14 (predic-
tion in large cross sectional data sets). It then turns to Part IV, covering forecasting 
(Chapter 15) and estimation of dynamic causal effects (Chapter 16). If time permits, 
the course can include some advanced topics in time series analysis such as vola-
tility clustering (Section 17.5) and forecasting with many predictors (Section 17.6). 
Prerequisites: Algebra II and introductory statistics.

Applied Time Series Analysis and Forecasting
This book also can be used for a short course on applied time series and forecasting, 
for which a course on regression analysis is a prerequisite. Some time is spent review-
ing the tools of basic regression analysis in Part II, depending on student preparation. 
The course then moves directly to time series forecasting (Chapter 15), estimation 
of dynamic causal effects (Chapter 16), and advanced topics in time series analysis 
(Chapter 17), including vector autoregressions. If there is time, the course can cover 
prediction using large data sets (Chapter 14 and Section 17.6), An important compo-
nent of this course is hands-on forecasting exercises, available as the end-of-chapter 
Empirical Exercises for Chapters 15 and 17. Prerequisites: Algebra II and basic intro-
ductory econometrics or the equivalent.

Introduction to Econometric Theory
This book is also suitable for an advanced undergraduate course in which the stu-
dents have a strong mathematical preparation or for a master’s level course in 
econometrics. The course briefly reviews the theory of statistics and probability as 
necessary (Part I). The course introduces regression analysis using the nonmath-
ematical, applications-based treatment of Part II. This introduction is followed by 
the theoretical development in Chapters 18 and 19 (through Section 19.5). The 
course then takes up regression with a limited dependent variable (Chapter 11) 
and maximum likelihood estimation (Appendix 11.2). Next, the course optionally 
turns to instrumental variables regression and generalized method of moments 
(Chapter 12 and Section 19.7), time series methods (Chapter 15), the estimation of 
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causal effects using time series data and generalized least squares (Chapter 16 and 
Section 19.6), and/or to machine learning methods (Chapter 14 and Appendix 19.7). 
Prerequisites: Calculus and introductory statistics. Chapter 18 assumes previous 
exposure to matrix algebra.

Instructor Teaching Resources

This program comes with the following teaching resources:

Supplements available to instructors at

www.pearsonglobaleditions.com

Features of the Supplement

Solutions Manual Solutions to the end-of-chapter content.

Test Bank

Authored by Manfred Keil, Claremont 
McKenna College

1,000 multiple-choice questions, essays and 
longer questions, and mathematical and graphical 
problems with these annotations:

• Type (Multiple-choice, essay, graphical)

Computerized TestGen TestGen allows instructors to:

• Customize, save, and generate classroom tests
•  Edit, add, or delete questions from the Test 

Item Files
• Analyze test results
• Organize a database of tests and student results.

PowerPoints Slides include all the graphs, tables, and equations 
in the text.

PowerPoints meet accessibility standards for 
students with disabilities. Features include, but 
not limited to:

• Keyboard and Screen Reader access
• Alternative text for images
•  High color contrast between background and 

foreground colors

Companion Website The Companion Website provides a wide range 
of additional resources for students and faculty. 
These resources include more and more in depth 
empirical exercises, data sets for the empirical 
exercises, replication files for empirical results 
reported in the text, and EViews tutorials.
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43

Ask a half dozen econometricians what econometrics is, and you could get a half 
dozen different answers. One might tell you that econometrics is the science of 

testing economic theories. A second might tell you that econometrics is the set of 
tools used for forecasting future values of economic variables, such as a firm’s sales, the 
overall growth of the economy, or stock prices. Another might say that econometrics is 
the process of fitting mathematical economic models to real-world data. A fourth 
might tell you that it is the science and art of using historical data to make numerical, 
or quantitative, policy recommendations in government and business.

In fact, all these answers are right. At a broad level, econometrics is the science 
and art of using economic theory and statistical techniques to analyze economic data. 
Econometric methods are used in many branches of economics, including finance, 
labor economics, macroeconomics, microeconomics, marketing, and economic policy. 
Econometric methods are also commonly used in other social sciences, including 
political science and sociology.

This text introduces you to the core set of methods used by econometricians. We 
will use these methods to answer a variety of specific, quantitative questions from the 
worlds of business and government policy. This chapter poses four of those questions 
and discusses, in general terms, the econometric approach to answering them. The 
chapter concludes with a survey of the main types of data available to econometri-
cians for answering these and other quantitative economic questions.

 1.1 Economic Questions We Examine

Many decisions in economics, business, and government hinge on understanding rela-
tionships among variables in the world around us. These decisions require quantita-
tive answers to quantitative questions.

This text examines several quantitative questions taken from current issues in 
economics. Four of these questions concern education policy, racial bias in mortgage 
lending, cigarette consumption, and macroeconomic forecasting.

Question #1: Does Reducing Class Size Improve 
Elementary School Education?
Proposals for reform of the U.S. public education system generate heated debate. 
Many of the proposals concern the youngest students, those in elementary schools. 
Elementary school education has various objectives, such as developing social skills, 
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44 CHAPTER 1  Economic Questions and Data

but for many parents and educators, the most important objective is basic academic 
learning: reading, writing, and basic mathematics. One prominent proposal for 
improving basic learning is to reduce class sizes at elementary schools. With fewer 
students in the classroom, the argument goes, each student gets more of the teacher’s 
attention, there are fewer class disruptions, learning is enhanced, and grades 
improve.

But what, precisely, is the effect on elementary school education of reducing class 
size? Reducing class size costs money: It requires hiring more teachers and, if the 
school is already at capacity, building more classrooms. A decision maker contem-
plating hiring more teachers must weigh these costs against the benefits. To weigh 
costs and benefits, however, the decision maker must have a precise quantitative 
understanding of the likely benefits. Is the beneficial effect on basic learning of 
smaller classes large or small? Is it possible that smaller class size actually has no 
effect on basic learning?

Although common sense and everyday experience may suggest that more learn-
ing occurs when there are fewer students, common sense cannot provide a quantita-
tive answer to the question of what exactly is the effect on basic learning of reducing 
class size. To provide such an answer, we must examine empirical evidence—that is, 
evidence based on data—relating class size to basic learning in elementary schools.

In this text, we examine the relationship between class size and basic learning, 
using data gathered from 420 California school districts in 1999. In the California 
data, students in districts with small class sizes tend to perform better on standardized 
tests than students in districts with larger classes. While this fact is consistent with the 
idea that smaller classes produce better test scores, it might simply reflect many other 
advantages that students in districts with small classes have over their counterparts 
in districts with large classes. For example, districts with small class sizes tend to have 
wealthier residents than districts with large classes, so students in small-class districts 
could have more opportunities for learning outside the classroom. It could be these 
extra learning opportunities that lead to higher test scores, not smaller class sizes. 
In Part II, we use multiple regression analysis to isolate the effect of changes in class 
size from changes in other factors, such as the economic background of the 
students.

Question #2: Is There Racial Discrimination  
in the Market for Home Loans?
Most people buy their homes with the help of a mortgage, a large loan secured by the 
value of the home. By law, U.S. lending institutions cannot take race into account when 
deciding to grant or deny a request for a mortgage: Applicants who are identical in all 
ways except their race should be equally likely to have their mortgage applications 
approved. In theory, then, there should be no racial bias in mortgage lending.

In contrast to this theoretical conclusion, researchers at the Federal Reserve Bank 
of Boston found (using data from the early 1990s) that 28% of black applicants are 
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denied mortgages, while only 9% of white applicants are denied. Do these data indi-
cate that, in practice, there is racial bias in mortgage lending? If so, how large is it?

The fact that more black than white applicants are denied in the Boston Fed data 
does not by itself provide evidence of discrimination by mortgage lenders because 
the black and white applicants differ in many ways other than their race. Before 
concluding that there is bias in the mortgage market, these data must be examined 
more closely to see if there is a difference in the probability of being denied for 
otherwise identical applicants and, if so, whether this difference is large or small. To 
do so, in Chapter 11 we introduce econometric methods that make it possible to 
quantify the effect of race on the chance of obtaining a mortgage, holding constant 
other applicant characteristics, notably their ability to repay the loan.

Question #3: Does Healthcare Spending Improve 
Health Outcomes?
It is self-evident that no one lives forever, but avoidable deaths can be reduced and 
survival can be extended through the provision of healthcare. Healthcare has other 
beneficial effects too, like the improvement of the health-related quality of life of indi-
viduals. To these ends and more, a vast quantity of resources is devoted to the provision 
of healthcare worldwide. What is more there is enormous variation in the healthcare 
expenditures across countries both in absolute and per capita terms, as well as variations 
in health outcomes across countries, for example measured by life expectancy at birth.

Putting aside concerns about iatrogenesis (the idea that healthcare is bad for your 
health), basic economics says that more expenditure on healthcare should generally 
reduce avoidable mortality. But by how much? If the amount spent on healthcare 
increases by 1%, by what percentage will avoidable mortality decrease? The percent-
age change in avoidable mortality resulting from a 1% increase in healthcare expendi-
ture is the spending elasticity for mortality (analogous to the price elasticity of demand, 
which is the percentage change in quantity demanded from a 1% increase in price). If 
we want to reduce avoidable mortality, say, 20% by increasing healthcare expenditure, 
then we need to know the spending elasticity for mortality to calculate the healthcare 
expenditure increase necessary to achieve this reduction in avoidable mortality.

A number of policy objectives are based on meeting targets based on avoidable 
mortality; for example, one of the United Nations Development Programme’s sustain-
able development goals is that all countries should aim to reduce “under-5 mortality to 
at least as low as 25 per 1,000 live births.”1 But how should the goal be met: from 
expanding healthcare services or other services? And if increasing healthcare spending 
is to form part of the mix of policies, by how much will it need to increase? The answers 
to these can be obtained with estimates of the spending elasticity for mortality.

1United Nations Development Programme (UNDP), The Sustainable Development Goals (SDGs):  
Goal 3: Good health and well-being, 2017.
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While economic theory, such as the production function for health, helps us ana-
lyze the mix of inputs that may lead to improved health outcomes, it does not tell us 
the actual values for parameters such as the spending elasticity for mortality. To 
estimate the value, we must examine empirical evidence about the returns to health-
care spending—either based on variations in spending across countries or within 
countries over time (or both). In other words, we need to analyze the data on how 
health outcomes and healthcare expenditures are related.

For many years economists have attempted to address this question by consider-
ing the data on healthcare expenditures and mortality rates across countries, but such 
empirical research is fraught with challenges. Two of the biggest challenges concern 
the extensive heterogeneity across countries. The first challenge is observable hetero-
geneity, which concerns factors that affect countries’ mortality rates that may also be 
associated with healthcare expenditure, for example, the income per capita of each 
country. This can be controlled for using multiple regression analysis, as described in 
Part II, since these factors are observable to the analyst. The second and more trou-
blesome challenge is the presence of unobservable heterogeneity. Unobserved fac-
tors may be important in the underlying processes determining both how decisions 
are made on how much money is spent on healthcare, and how the overall level of 
health outcome that is attained. These factors result in causality running in both 
directions—healthcare reduces mortality, but higher healthcare expenditure might 
be a response to unobserved factors, such as small natural disasters that increase 
mortality. Methods for handling this “simultaneous causality” are described in 
Chapter 12, applied to the different but conceptually similar context of estimating 
the price elasticity of cigarette demand.

Question #4: By How Much Will U.S. GDP Grow 
Next Year?
It seems that people always want a sneak preview of the future. What will sales be next 
year at a firm that is considering investing in new equipment? Will the stock market go 
up next month, and, if it does, by how much? Will city tax receipts next year cover 
planned expenditures on city services? Will your microeconomics exam next week 
focus on externalities or monopolies? Will Saturday be a nice day to go to the beach?

One aspect of the future in which macroeconomists are particularly interested is the 
growth of real economic activity, as measured by real gross domestic product (GDP), 
during the next year. A management consulting firm might advise a manufacturing cli-
ent to expand its capacity based on an upbeat forecast of economic growth. Economists 
at the Federal Reserve Board in Washington, D.C., are mandated to set policy to keep 
real GDP near its potential in order to maximize employment. If they forecast anemic 
GDP growth over the next year, they might expand liquidity in the economy by reduc-
ing interest rates or other measures, in an attempt to boost economic activity.

Professional economists who rely on numerical forecasts use econometric mod-
els to make those forecasts. A forecaster’s job is to predict the future by using the 
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past, and econometricians do this by using economic theory and statistical techniques 
to quantify relationships in historical data.

The data we use to forecast the growth rate of GDP include past values of GDP 
and the so-called term spread in the United States. The term spread is the difference 
between long-term and short-term interest rates. It measures, among other things, 
whether investors expect short-term interest rates to rise or fall in the future. The 
term spread is usually positive, but it tends to fall sharply before the onset of a reces-
sion. One of the GDP growth rate forecasts we develop and evaluate in Chapter 15 
is based on the term spread.

Quantitative Questions, Quantitative Answers
Each of these four questions requires a numerical answer. Economic theory provides 
clues about that answer—for example, cigarette consumption ought to go down when 
the price goes up—but the actual value of the number must be learned empirically, that 
is, by analyzing data. Because we use data to answer quantitative questions, our answers 
always have some uncertainty: A different set of data would produce a different numer-
ical answer. Therefore, the conceptual framework for the analysis needs to provide both 
a numerical answer to the question and a measure of how precise the answer is.

The conceptual framework used in this text is the multiple regression model, the 
mainstay of econometrics. This model, introduced in Part II, provides a mathematical 
way to quantify how a change in one variable affects another variable, holding other 
things constant. For example, what effect does a change in class size have on test 
scores, holding constant or controlling for student characteristics (such as family 
income) that a school district administrator cannot control? What effect does your 
race have on your chances of having a mortgage application granted, holding con-
stant other factors such as your ability to repay the loan? What effect does a 1% 
increase in the price of cigarettes have on cigarette consumption, holding constant 
the income of smokers and potential smokers? The multiple regression model and 
its extensions provide a framework for answering these questions using data and for 
quantifying the uncertainty associated with those answers.

 1.2 Causal Effects and Idealized Experiments

Like many other questions encountered in econometrics, the first three questions in 
Section 1.1 concern causal relationships among variables. In common usage, an action 
is said to cause an outcome if the outcome is the direct result, or consequence, of that 
action. Touching a hot stove causes you to get burned, drinking water causes you to 
be less thirsty, putting air in your tires causes them to inflate, putting fertilizer on your 
tomato plants causes them to produce more tomatoes. Causality means that a specific 
action (applying fertilizer) leads to a specific, measurable consequence (more 
tomatoes).
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Estimation of Causal Effects
How best might we measure the causal effect on tomato yield (measured in kilo-
grams) of applying a certain amount of fertilizer, say, 100 grams of fertilizer per 
square meter?

One way to measure this causal effect is to conduct an experiment. In that exper-
iment, a horticultural researcher plants many plots of tomatoes. Each plot is tended 
identically, with one exception: Some plots get 100 grams of fertilizer per square 
meter, while the rest get none. Whether or not a plot is fertilized is determined ran-
domly by a computer, ensuring that any other differences between the plots are 
unrelated to whether they receive fertilizer. At the end of the growing season, the 
horticulturalist weighs the harvest from each plot. The difference between the aver-
age yield per square meter of the treated and untreated plots is the effect on tomato 
production of the fertilizer treatment.

This is an example of a randomized controlled experiment. It is controlled in the 
sense that there are both a control group that receives no treatment (no fertilizer) 
and a treatment group that receives the treatment (100 g>m2 of fertilizer). It is ran-
domized in the sense that the treatment is assigned randomly. This random assign-
ment eliminates the possibility of a systematic relationship between, for example, 
how sunny the plot is and whether it receives fertilizer so that the only systematic 
difference between the treatment and control groups is the treatment. If this experi-
ment is properly implemented on a large enough scale, then it will yield an estimate 
of the causal effect on the outcome of interest (tomato production) of the treatment 
(applying 100 g>m2 of fertilizer).

In this text, the causal effect is defined to be the effect on an outcome of a given 
action or treatment, as measured in an ideal randomized controlled experiment. In 
such an experiment, the only systematic reason for differences in outcomes between 
the treatment and control groups is the treatment itself.

It is possible to imagine an ideal randomized controlled experiment to answer each 
of the first three questions in Section 1.1. For example, to study class size, one can imag-
ine randomly assigning “treatments” of different class sizes to different groups of stu-
dents. If the experiment is designed and executed so that the only systematic difference 
between the groups of students is their class size, then in theory this experiment would 
estimate the effect on test scores of reducing class size, holding all else constant.

Experiments are used increasingly widely in econometrics. In many applications, 
however, they are not an option because they are unethical, impossible to execute 
satisfactorily, too time-consuming, or prohibitively expensive. Even with non-
experimental data, the concept of an ideal randomized controlled experiment is 
important because it provides a definition of a causal effect.

Prediction, Forecasting, and Causality
Although the first three questions in Section 1.1, concern causal effects, the fourth—
forecasting the growth rate of GDP—does not.
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Forecasting is a special case of what statisticians and econometricians call 
prediction, which is using information on some variables to make a statement about 
the value of another variable. A forecast is a prediction about the value of a variable 
in the future, like GDP growth next year.

You do not need to know a causal relationship to make a good prediction. A 
good way to “predict” whether it is raining is to observe whether pedestrians are 
using umbrellas, but the act of using an umbrella does not cause it to rain.

When one has a small number of predictors and the data do not evolve over time, 
the multiple regression methods of Part II can provide reliable predictions. Predic-
tions can often be improved, however, if there is a large number of candidate predic-
tors. Methods for using many predictors are covered in Chapter 14.

Forecasts—that is, predictions about the future—use data on variables that 
evolve over time, which introduces new challenges and opportunities. As we will see 
in Chapter 15, multiple regression analysis allows us to quantify historical relation-
ships, to check whether those relationships have been stable over time, to make quan-
titative forecasts about the future, and to assess the accuracy of those forecasts.

 1.3 Data: Sources and Types

In econometrics, data come from one of two sources: experiments or nonexperi-
mental observations of the world. This text examines both experimental and 
nonexperimental data sets.

Experimental versus Observational Data
Experimental data come from experiments designed to evaluate a treatment or policy 
or to investigate a causal effect. For example, the state of Tennessee financed a large 
randomized controlled experiment examining class size in the 1980s. In that experiment, 
which we examine in Chapter 13, thousands of students were randomly assigned to 
classes of different sizes for several years and were given standardized tests annually.

The Tennessee class size experiment cost millions of dollars and required the 
ongoing cooperation of many administrators, parents, and teachers over several years. 
Because real-world experiments with human subjects are difficult to administer and 
to control, they have flaws relative to ideal randomized controlled experiments. More-
over, in some circumstances, experiments are not only expensive and difficult to 
administer but also unethical. (Would it be ethical to offer randomly selected teenag-
ers inexpensive cigarettes to see how many they buy?) Because of these financial, 
practical, and ethical problems, experiments in economics are relatively rare. Instead, 
most economic data are obtained by observing real-world behavior.

Data obtained by observing actual behavior outside an experimental setting are 
called observational data. Observational data are collected using surveys, such as 
telephone surveys of consumers, and administrative records, such as historical records 
on mortgage applications maintained by lending institutions.
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TABLE 1.1 Selected Observations on Test Scores and Other Variables for California School 
Districts in 1999

Observation (District) 

Number

District Average 

Test Score (fifth grade)

Student–Teacher 

Ratio

Expenditure per  

Pupil ($)

Percentage of Students 

Learning English

1 690.8 17.89 $6385 0.0%

2 661.2 21.52 5099 4.6

3 643.6 18.70 5502 30.0

4 647 .7 17 .36 7102 0.0

5 640.8 18.67 5236 13.9

c c c c c

418 645.0 21.89 4403 24.3

419 672.2 20.20 4776 3.0

420 655.8 19.04 5993 5.0

Note: The California test score data set is described in Appendix 4.1.

Observational data pose major challenges to econometric attempts to estimate 
causal effects, and the tools of econometrics are designed to tackle these challenges. 
In the real world, levels of “treatment” (the amount of fertilizer in the tomato exam-
ple, the student–teacher ratio in the class size example) are not assigned at random, 
so it is difficult to sort out the effect of the “treatment” from other relevant factors. 
Much of econometrics, and much of this text, is devoted to methods for meeting the 
challenges encountered when real-world data are used to estimate causal effects.

Whether the data are experimental or observational, data sets come in three 
main types: cross-sectional data, time series data, and panel data. In this text, you will 
encounter all three types.

Cross-Sectional Data
Data on different entities—workers, consumers, firms, governmental units, and so forth—
for a single time period are called cross-sectional data. For example, the data on test scores 
in California school districts are cross sectional. Those data are for 420 entities (school 
districts) for a single time period (1999). In general, the number of entities on which we 
have observations is denoted n; so, for example, in the California data set, n = 420.

The California test score data set contains measurements of several different 
variables for each district. Some of these data are tabulated in Table 1.1. Each row 
lists data for a different district. For example, the average test score for the first dis-
trict (“district 1”) is 690.8; this is the average of the math and science test scores for 
all fifth-graders in that district in 1999 on a standardized test (the Stanford Achieve-
ment Test). The average student–teacher ratio in that district is 17.89; that is, the num-
ber of students in district 1 divided by the number of classroom teachers in district 1 
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TABLE 1.2 Selected Observations on the Growth Rate of GDP and the Term 
Spread in the United States: Quarterly Data, 1960:Q1–2017:Q4

Observation  

Number

Date  

(year: quarter)

GDP Growth Rate 

(% at an annual rate)

Term Spread 

(percentage points)

1 1960:Q1 8.8% 0.6

2 1960:Q2 −1.5 1.3

3 1960:Q3 1.0 1.5

4 1960:Q4 −4.9 1.6

5 1961:Q1 2.7 1.4

c c c c

230 2017:Q2 3.0 1.4

231 2017:Q3 3.1 1.2

232 2017:Q4 2.5 1.2

Note: The United States GDP and term spread data set is described in Appendix 15.1.

is 17.89. Average expenditure per pupil in district 1 is $6385. The percentage of stu-
dents in that district still learning English—that is, the percentage of students for 
whom English is a second language and who are not yet proficient in English—is 0%.

The remaining rows present data for other districts. The order of the rows is 
arbitrary, and the number of the district, which is called the observation number, is 
an arbitrarily assigned number that organizes the data. As you can see in the table, 
all the variables listed vary considerably.

With cross-sectional data, we can learn about relationships among variables by 
studying differences across people, firms, or other economic entities during a single 
time period.

Time Series Data
Time series data are data for a single entity (person, firm, country) collected at multiple 
time periods. Our data set on the growth rate of GDP and the term spread in the United 
States is an example of a time series data set. The data set contains observations on two 
variables (the growth rate of GDP and the term spread) for a single entity (the United 
States) for 232 time periods. Each time period in this data set is a quarter of a year (the 
first quarter is January, February, and March; the second quarter is April, May, and June; 
and so forth). The observations in this data set begin in the first quarter of 1960, which is 
denoted 1960:Q1, and end in the fourth quarter of 2017 (2017:Q4). The number of obser-
vations (that is, time periods) in a time series data set is denoted T. Because there are 232 
quarters from 1960:Q1 to 2017:Q4, this data set contains T = 232 observations.

Some observations in this data set are listed in Table 1.2. The data in each row 
correspond to a different time period (year and quarter). In the first quarter of 1960, 
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TABLE 1.3 Selected Observations on Cigarette Sales, Prices, and Taxes, by State and Year for  
U.S. States, 1985–1995

Observation 

Number State Year

Cigarette Sales 

(packs per capita)

Average Price  

per Pack  

(including taxes)

Total Taxes  

(cigarette  

excise tax + sales tax)

1 Alabama 1985 116.5 $1.022 $0.333

2 Arkansas 1985 128.5 1.015 0.370

3 Arizona 1985 104.5 1.086 0.362

c c c c c c

47 West Virginia 1985 112.8 1.089 0.382

48 Wyoming 1985 129.4 0.935 0.240

49 Alabama 1986 117.2 1.080 0.334

c c c c c c

96 Wyoming 1986 127.8 1.007 0.240

97 Alabama 1987 115.8 1.135 0.335

c c c c c c

528 Wyoming 1995 112.2 1.585 0.360

Note: The cigarette consumption data set is described in Appendix 12.1.

for example, GDP grew 8.8% at an annual rate. In other words, if GDP had contin-
ued growing for four quarters at its rate during the first quarter of 1960, the level of 
GDP would have increased by 8.8%. In the first quarter of 1960, the long-term inter-
est rate was 4.5%, and the short-term interest rate was 3.9%; so their difference, the 
term spread, was 0.6 percentage points.

By tracking a single entity over time, time series data can be used to study the 
evolution of variables over time and to forecast future values of those variables.

Panel Data
Panel data, also called longitudinal data, are data for multiple entities in which each 
entity is observed at two or more time periods. Our data on cigarette consumption and 
prices are an example of a panel data set, and selected variables and observations in that 
data set are listed in Table 1.3. The number of entities in a panel data set is denoted n, 
and the number of time periods is denoted T. In the cigarette data set, we have observa-
tions on n = 48 continental U.S. states (entities) for T = 11 years (time periods) from 
1985 to 1995. Thus, there is a total of n * T = 48 * 11 = 528 observations.

Some data from the cigarette consumption data set are listed in Table 1.3. The 
first block of 48 observations lists the data for each state in 1985, organized alphabeti-
cally from Alabama to Wyoming. The next block of 48 observations lists the data for 
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Summary

1. Many decisions in business and economics require quantitative estimates of 
how a change in one variable affects another variable.

2. Conceptually, the way to estimate a causal effect is in an ideal randomized 
controlled experiment, but performing experiments in economic applications 
can be unethical, impractical, or too expensive.

3. Econometrics provides tools for estimating causal effects using either observa-
tional (nonexperimental) data or data from real-world, imperfect experiments.

4. Econometrics also provides tools for predicting the value of a variable of 
interest using information in other, related variables.

5. Cross-sectional data are gathered by observing multiple entities at a single 
point in time; time series data are gathered by observing a single entity at mul-
tiple points in time; and panel data are gathered by observing multiple entities, 
each of which is observed at multiple points in time.

Key Terms

Cross-Sectional, Time Series, and Panel Data

• Cross-sectional data consist of multiple entities observed at a single time 
period.

• Time series data consist of a single entity observed at multiple time periods.

• Panel data (also known as longitudinal data) consist of multiple entities, 
where each entity is observed at two or more time periods.

KEY CONCEPT 

1.1 

randomized controlled experiment (48)
control group (48)

treatment group (48)
causal effect (48)

1986, and so forth, through 1995. For example, in 1985, cigarette sales in Arkansas 
were 128.5 packs per capita (the total number of packs of cigarettes sold in Arkansas 
in 1985 divided by the total population of Arkansas in 1985 equals 128.5). The aver-
age price of a pack of cigarettes in Arkansas in 1985, including tax, was $1.015, of 
which 37 ¢ went to federal, state, and local taxes.

Panel data can be used to learn about economic relationships from the experi-
ences of the many different entities in the data set and from the evolution over time 
of the variables for each entity.

The definitions of cross-sectional data, time series data, and panel data are sum-
marized in Key Concept 1.1.
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Review the Concepts

 1.1 Describe a hypothetical ideal randomized controlled experiment to study the 
effect of six hours of reading on the improvement of the vocabulary of high 
school students. Suggest some impediments to implementing this experiment 
in practice.

 1.2 Describe a hypothetical ideal randomized controlled experiment to study the 
effect of the consumption of alcohol on long-term memory loss. Suggest some 
impediments to implementing this experiment in practice.

 1.3 You are asked to study the causal effect of hours spent on employee training 
(measured in hours per worker per week) in a manufacturing plant on the 
productivity of its workers (output per worker per hour). Describe:

a. an ideal randomized controlled experiment to measure this causal effect;

b. an observational cross-sectional data set with which you could study this 
effect;

c. an observational time series data set for studying this effect; and

d. an observational panel data set for studying this effect.

MyLab Economics Can Help You Get a Better Grade

MyLab Economics If your exam were tomorrow, would you be ready? For each 
chapter, MyLab Economics Practice Tests and Study Plan 

help you prepare for your exams. You can also find the Exercises and all Review the Concepts Questions 
available now in MyLab Economics. To see how it works, turn to the MyLab Economics spread on the 
inside front cover of this text and then go to www.pearson.com/mylab/economics.

For additional Empirical Exercises and Data Sets, log on to the Companion Website at 
www.pearsonglobaleditions.com.

prediction (49)
forecast (49)
experimental data (49)
observational data (49)
cross-sectional data (50)

observation number (51)
time series data (51)
panel data (52)
longitudinal data (52)
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This chapter reviews the core ideas of the theory of probability that are needed to 
understand regression analysis and econometrics. We assume that you have taken 

an introductory course in probability and statistics. If your knowledge of probability is 
stale, you should refresh it by reading this chapter. If you feel confident with the mate-
rial, you still should skim the chapter and the terms and concepts at the end to make 
sure you are familiar with the ideas and notation.

Most aspects of the world around us have an element of randomness. The theory 
of probability provides mathematical tools for quantifying and describing this random-
ness. Section 2.1 reviews probability distributions for a single random variable, and 
Section 2.2 covers the mathematical expectation, mean, and variance of a single ran-
dom variable. Most of the interesting problems in economics involve more than one 
variable, and Section 2.3 introduces the basic elements of probability theory for two 
random variables. Section 2.4 discusses three special probability distributions that 
play a central role in statistics and econometrics: the normal, chi-squared, and 
F distributions.

The final two sections of this chapter focus on a specific source of randomness of 
central importance in econometrics: the randomness that arises by randomly drawing 
a sample of data from a larger population. For example, suppose you survey ten recent 
college graduates selected at random, record (or “observe”) their earnings, and com-
pute the average earnings using these ten data points (or “observations”). Because you 
chose the sample at random, you could have chosen ten different graduates by pure 
random chance; had you done so, you would have observed ten different earnings, 
and you would have computed a different sample average. Because the average earn-
ings vary from one randomly chosen sample to the next, the sample average is itself a 
random variable. Therefore, the sample average has a probability distribution, which is 
referred to as its sampling distribution because this distribution describes the different 
possible values of the sample average that would have occurred had a different sample 
been drawn.

Section 2.5 discusses random sampling and the sampling distribution of the sam-
ple average. This sampling distribution is, in general, complicated. When the sample 
size is sufficiently large, however, the sampling distribution of the sample average is 
approximately normal, a result known as the central limit theorem, which is discussed 
in Section 2.6.

Review of Probability
C H A P T E R 

2
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 2.1 Random Variables and Probability 
Distributions

Probabilities, the Sample Space, and Random Variables
Probabilities and outcomes. The sex of the next new person you meet, your grade 
on an exam, and the number of times your wireless network connection fails while 
you are writing a term paper all have an element of chance or randomness. In each 
of these examples, there is something not yet known that is eventually revealed.

The mutually exclusive potential results of a random process are called the 
outcomes. For example, while writing your term paper, the wireless connection might 
never fail, it might fail once, it might fail twice, and so on. Only one of these outcomes 
will actually occur (the outcomes are mutually exclusive), and the outcomes need not 
be equally likely.

The probability of an outcome is the proportion of the time that the outcome 
occurs in the long run. If the probability of your wireless connection not failing while 
you are writing a term paper is 80%, then over the course of writing many term 
papers, you will complete 80% without a wireless connection failure.

The sample space and events. The set of all possible outcomes is called the sample 
space. An event is a subset of the sample space; that is, an event is a set of one or more 
outcomes. The event “my wireless connection will fail no more than once” is the set 
consisting of two outcomes: “no failures” and “one failure.”

Random variables. A random variable is a numerical summary of a random out-
come. The number of times your wireless connection fails while you are writing a 
term paper is random and takes on a numerical value, so it is a random variable.

Some random variables are discrete and some are continuous. As their names sug-
gest, a discrete random variable takes on only a discrete set of values, like 0, 1, 2, . . . , 
whereas a continuous random variable takes on a continuum of possible values.

Probability Distribution of a Discrete Random Variable
Probability distribution. The probability distribution of a discrete random variable 
is the list of all possible values of the variable and the probability that each value will 
occur. These probabilities sum to 1.

For example, let M be the number of times your wireless network connection 
fails while you are writing a term paper. The probability distribution of the random 
variable M is the list of probabilities of all possible outcomes: The probability that 
M = 0, denoted Pr (M = 0), is the probability of no wireless connection failures; 
Pr (M = 1) is the probability of a single connection failure; and so forth. An example 
of a probability distribution for M is given in the first row of Table 2.1. According to 
this distribution, the probability of no connection failures is 80%; the probability of 
one failure is 10%; and the probabilities of two, three, and four failures are, 
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respectively, 6%, 3%, and 1%. These probabilities sum to 100%. This probability 
distribution is plotted in Figure 2.1.

Probabilities of events. The probability of an event can be computed from the prob-
ability distribution. For example, the probability of the event of one or two failures 
is the sum of the probabilities of the constituent outcomes. That is, 
Pr 1M = 1 or M = 22 = Pr 1M = 12 + Pr 1M = 22 = 0.10 + 0.06 = 0.16, or 16%.

Cumulative probability distribution. The cumulative probability distribution is the 
probability that the random variable is less than or equal to a particular value. The final 
row of Table 2.1 gives the cumulative probability distribution of the random variable M. 
For example, the probability of at most one connection failure, Pr 1M … 12, is 90%, 
which is the sum of the probabilities of no failures (80%) and of one failure (10%).

A cumulative probability distribution is also referred to as a cumulative distribu-
tion function, a c.d.f., or a cumulative distribution.

FIGURE 2.1  Probability Distribution of the Number of Wireless Network Connection Failures

The height of each bar is the probability that the 
wireless connection fails the indicated number of 
times. The height of the first bar is 0.8, so the prob-
ability of 0 connection failures is 80%. The height 
of the second bar is 0.1, so the probability of  
1 failure is 10%, and so forth for the other bars.
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TABLE  2.1  Probability of Your Wireless Network Connection Failing M Times

Outcome (number of failures)

0 1 2 3 4

Probability distribution 0.80 0.10 0.06 0.03 0.01

Cumulative probability distribution 0.80 0.90 0.96 0.99 1.00

M02_STOC4455_04_GE_C02.indd   57 30/11/18   11:40 AM



58 CHAPTER 2  Review of Probability

The Bernoulli distribution. An important special case of a discrete random variable 
is when the random variable is binary; that is, the outcome is 0 or 1. A binary random 
variable is called a Bernoulli random variable (in honor of the 17th-century Swiss 
mathematician and scientist Jacob Bernoulli), and its probability distribution is 
called the Bernoulli distribution.

For example, let G be the sex of the next new person you meet, where G = 0 
indicates that the person is male and G = 1 indicates that the person is female. The 
outcomes of G and their probabilities thus are

 G = e1 with probability p
0 with probability 1 - p,

 (2.1)

where p is the probability of the next new person you meet being a woman. The prob-
ability distribution in Equation (2.1) is the Bernoulli distribution.

Probability Distribution of a Continuous 
Random Variable
Cumulative probability distribution. The cumulative probability distribution for a 
continuous variable is defined just as it is for a discrete random variable. That is, the 
cumulative probability distribution of a continuous random variable is the probabil-
ity that the random variable is less than or equal to a particular value.

For example, consider a student who drives from home to school. This student’s 
commuting time can take on a continuum of values, and because it depends on ran-
dom factors such as the weather and traffic conditions, it is natural to treat it as a 
continuous random variable. Figure 2.2a plots a hypothetical cumulative distribution 
of commuting times. For example, the probability that the commute takes less than 
15 minutes is 20%, and the probability that it takes less than 20 minutes is 78%.

Probability density function. Because a continuous random variable can take on a con-
tinuum of possible values, the probability distribution used for discrete variables, which 
lists the probability of each possible value of the random variable, is not suitable for 
continuous variables. Instead, the probability is summarized by the  probability density 
function. The area under the probability density function between any two points is the 
probability that the random variable falls between those two points. A probability 
density function is also called a p.d.f., a density function, or simply a density.

Figure 2.2b plots the probability density function of commuting times corre-
sponding to the cumulative distribution in Figure 2.2a. The probability that the com-
mute takes between 15 and 20 minutes is given by the area under the p.d.f. between 
15 minutes and 20 minutes, which is 0.58, or 58%. Equivalently, this probability can 
be seen on the cumulative distribution in Figure 2.2a as the difference between the 
probability that the commute is less than 20 minutes (78%) and the probability that 
it is less than 15 minutes (20%). Thus the probability density function and the cumu-
lative probability distribution show the same information in different formats.
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FIGURE 2.2  Cumulative Probability Distribution and Probability Density Functions  
of Commuting Time

Figure 2.2a shows the cumulative probability distribution function (c.d.f.) of commuting times. The probability that a 
commuting time is less than 15 minutes is 0.20 (or 20%), and the probability that it is less than 20 minutes is 0.78 (78%). 
Figure 2.2b shows the probability density function (or p.d.f.) of commuting times. Probabilities are given by areas 
under the p.d.f. The probability that a commuting time is between 15 and 20 minutes is 0.58 (58%) and is given by the 
area under the curve between 15 and 20 minutes.
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 2.2 Expected Values, Mean, and Variance

The Expected Value of a Random Variable
Expected value. The expected value of a random variable Y, denoted E(Y), is the 
long-run average value of the random variable over many repeated trials or occur-
rences. The expected value of a discrete random variable is computed as a weighted 
average of the possible outcomes of that random variable, where the weights are the 
probabilities of that outcome. The expected value of Y is also called the expectation 
of Y or the mean of Y and is denoted mY.

For example, suppose you loan a friend $100 at 10% interest. If the loan is repaid, 
you get $110 (the principal of $100 plus interest of $10), but there is a risk of 1% that 
your friend will default and you will get nothing at all. Thus the amount you are 
repaid is a random variable that equals $110 with probability 0.99 and equals $0 with 
probability 0.01. Over many such loans, 99% of the time you would be paid back 
$110, but 1% of the time you would get nothing, so on average you would be repaid 
$110 * 0.99 + $0 * 0.01 = $108.90. Thus the expected value of your repayment is 
$108.90.

As a second example, consider the number of wireless network connection failures 
M with the probability distribution given in Table 2.1. The expected value of M—that 
is, the mean of M—is the average number of failures over many term papers, weighted 
by the frequency with which a given number of failures occurs. Accordingly,

E1M2 = 0 * 0.80 + 1 * 0.10 + 2 * 0.06 + 3 * 0.03 + 4 * 0.01 = 0.35. (2.2)

That is, the expected number of connection failures while writing a term paper is 0.35. 
Of course, the actual number of failures must always be an integer; it makes no sense 
to say that the wireless connection failed 0.35 times while writing a particular term 
paper! Rather, the calculation in Equation (2.2) means that the average number of 
failures over many such term papers is 0.35.

The formula for the expected value of a discrete random variable Y that can take 
on k different values is given in Key Concept 2.1. (Key Concept 2.1 uses summation 
notation, which is reviewed in Exercise 2.25.)

Expected Value and the Mean

Suppose that the random variable Y takes on k possible values, y1, c, yk, where 
y1 denotes the first value, y2 denotes the second value, and so forth, and that the 
probability that Y takes on y1 is p1, the probability that Y takes on y2 is p2, and so 
forth. The expected value of Y, denoted E(Y), is

 E1Y2 = y1 p1 + y2 p2 + g + yk pk = a
k

i= 1
yi pi, (2.3)

where the notation gk
i= 1yi pi means “the sum of yi pi for i running from 1 to k.” 

The expected value of Y is also called the mean of Y or the expectation of Y and 
is denoted mY.

KEY CONCEPT 

2.1
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Expected value of a Bernoulli random variable. An important special case of the 
general formula in Key Concept 2.1 is the mean of a Bernoulli random variable. 
Let G be the Bernoulli random variable with the probability distribution in 
Equation (2.1). The expected value of G is

 E1G2 = 0 * 11 - p2 + 1 * p = p. (2.4)

Thus the expected value of a Bernoulli random variable is p, the probability that it 
takes on the value 1.

Expected value of a continuous random variable. The expected value of a continu-
ous random variable is also the probability-weighted average of the possible out-
comes of the random variable. Because a continuous random variable can take on a 
continuum of possible values, the formal mathematical definition of its expectation 
involves calculus and its definition is given in Appendix 18.1.

The Standard Deviation and Variance
The variance and standard deviation measure the dispersion or the “spread” of a 
probability distribution. The variance of a random variable Y, denoted var(Y), is the 
expected value of the square of the deviation of Y from its mean: var 1Y2 =  
E31Y - mY2 24.

Because the variance involves the square of Y, the units of the variance are the 
units of the square of Y, which makes the variance awkward to interpret. It is there-
fore common to measure the spread by the standard deviation, which is the square 
root of the variance and is denoted sY. The standard deviation has the same units 
as Y. These definitions are summarized in Key Concept 2.2.

Variance and Standard Deviation

The variance of the discrete random variable Y, denoted s2
Y, is

 s2
Y = var 1Y2 = E31Y - mY2 24 = a

k

i= 1
1yi - mY2 2pi. (2.6)

The standard deviation of Y is sY, the square root of the variance. The units of the 
standard deviation are the same as the units of Y.

KEY CONCEPT 

2.2 

For example, the variance of the number of connection failures M is the 
 probability-weighted average of the squared difference between M and its mean, 0.35:

var 1M2 = 10 - 0.352 2 * 0.80 + 11 - 0.352 2 * 0.10 + 12 - 0.352 2 * 0.06 
  + 13 - 0.352 2 * 0.03 + 14 - 0.352 2 * 0.01 = 0.6475. (2.5)

The standard deviation of M is the square root of the variance, so sM =  20.64750 ≅ 0.80.
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Variance of a Bernoulli random variable. The mean of the Bernoulli random vari-
able G with the probability distribution in Equation (2.1) is mG = p [Equation (2.4)], 
so its variance is

 var 1G2 = s2
G = 10 - p2 2 * 11 - p2 + 11 - p2 2 * p = p11 - p2. (2.7)

Thus the standard deviation of a Bernoulli random variable is sG = 2p11 - p2.

Mean and Variance of a Linear Function  
of a Random Variable
This section discusses random variables (say, X and Y) that are related by a linear func-
tion. For example, consider an income tax scheme under which a worker is taxed at a rate 
of 20% on his or her earnings and then given a (tax-free) grant of $2000. Under this tax 
scheme, after-tax earnings Y are related to pre-tax earnings X by the equation

 Y = 2000 + 0.8X. (2.8)

That is, after-tax earnings Y is 80% of pre-tax earnings X, plus $2000.
Suppose an individual’s pre-tax earnings next year are a random variable with 

mean mX and variance s2
X. Because pre-tax earnings are random, so are after-tax 

earnings. What are the mean and standard deviations of her after-tax earnings under 
this tax? After taxes, her earnings are 80% of the original pre-tax earnings, plus 
$2000. Thus the expected value of her after-tax earnings is

 E1Y2 = mY = 2000 + 0.8mX. (2.9)

The variance of after-tax earnings is the expected value of 1Y - mY2 2. Because 
Y = 2000 + 0.8X,  Y - mY = 2000 + 0.8X - 12000 + 0.8mX2 = 0.81X - mX2. 
Thus E31Y - mY2 24 = E530.81X - mX2426 = 0.64E31X - mX2 24. It follows that 
var1Y2 = 0.64var1X2, so, taking the square root of the variance, the standard devia-
tion of Y is

 sY = 0.8sX. (2.10)

That is, the standard deviation of the distribution of her after-tax earnings is 80% of 
the standard deviation of the distribution of her pre-tax earnings.

This analysis can be generalized so that Y depends on X with an intercept a 
(instead of $2000) and a slope b (instead of 0.8) so that

 Y = a + bX. (2.11)

Then the mean and variance of Y are

 mY = a + bmX and (2.12)

 s2
Y = b2s2

X, (2.13)

and the standard deviation of Y is sY = bsX. The expressions in Equations (2.9) and 
(2.10) are applications of the more general formulas in Equations (2.12) and (2.13) 
with a = 2000 and b = 0.8.
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Other Measures of the Shape of a Distribution
The mean and standard deviation measure two important features of a distribution: 
its center (the mean) and its spread (the standard deviation). This section discusses 
measures of two other features of a distribution: the skewness, which measures the 
lack of symmetry of a distribution, and the kurtosis, which measures how thick, or 
“heavy,” are its tails. The mean, variance, skewness, and kurtosis are all based on what 
are called the moments of a distribution.

Skewness. Figure 2.3 plots four distributions, two that are symmetric (Figures 2.3a 
and 2.3b) and two that are not (Figures 2.3c and 2.3d). Visually, the distribution in 
Figure 2.3d appears to deviate more from symmetry than does the distribution in 

FIGURE 2.3  Four Distributions with Different Skewness and Kurtosis

All of these distributions have a mean of 0 and a variance of 1. The distributions with skewness of 0 (a and b) are 
 symmetric; the distributions with nonzero skewness (c and d) are not symmetric. The distributions with kurtosis 
exceeding 3 (b, c, and d) have heavy tails.
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Figure 2.3c. The skewness of a distribution provides a mathematical way to describe 
how much a distribution deviates from symmetry.

The skewness of the distribution of a random variable Y is

 Skewness =
E31Y - mY2 34

s3
Y

, (2.14)

where sY is the standard deviation of Y. For a symmetric distribution, a value of Y a 
given amount above its mean is just as likely as a value of Y the same amount below 
its mean. If so, then positive values of 1Y - mY2 3 will be offset on average (in expec-
tation) by equally likely negative values. Thus, for a symmetric distribution, 
E1Y - mY2 3 = 0: The skewness of a symmetric distribution is 0. If a distribution is 
not symmetric, then a positive value of 1Y - mY2 3 generally is not offset on average 
by an equally likely negative value, so the skewness is nonzero for a distribution that 
is not symmetric. Dividing by s3

Y in the denominator of Equation (2.14) cancels the 
units of Y 3 in the numerator, so the skewness is unit free; in other words, changing 
the units of Y does not change its skewness.

Below each of the four distributions in Figure 2.3 is its skewness. If a distribution has 
a long right tail, positive values of 1Y - mY2 3 are not fully offset by negative values, and 
the skewness is positive. If a distribution has a long left tail, its skewness is negative.

Kurtosis. The kurtosis of a distribution is a measure of how much mass is in its tails 
and therefore is a measure of how much of the variance of Y arises from extreme 
values. An extreme value of Y is called an outlier. The greater the kurtosis of a dis-
tribution, the more likely are outliers.

The kurtosis of the distribution of Y is

 Kurtosis =
E31Y - mY2 44

s4
Y

. (2.15)

If a distribution has a large amount of mass in its tails, then some extreme departures 
of Y from its mean are likely, and these departures will lead to large values, on aver-
age (in expectation), of 1Y - mY2 4. Thus, for a distribution with a large amount of 
mass in its tails, the kurtosis will be large. Because 1Y - mY2 4 cannot be negative, the 
kurtosis cannot be negative.

The kurtosis of a normally distributed random variable is 3, so a random variable 
with kurtosis exceeding 3 has more mass in its tails than a normal random variable. 
A distribution with kurtosis exceeding 3 is called leptokurtic or, more simply, heavy-
tailed. Like skewness, the kurtosis is unit free, so changing the units of Y does not 
change its kurtosis.

Below each of the four distributions in Figure 2.3 is its kurtosis. The distributions 
in Figures 2.3b–d are heavy-tailed.

Moments. The mean of Y, E1Y2, is also called the first moment of Y, and the expected 
value of the square of Y, E1Y 22, is called the second moment of Y. In general, the 
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expected value of Y r is called the rth moment of the random variable Y. That is, the rth 
moment of Y is E1Y r2. The skewness is a function of the first, second, and third 
moments of Y, and the kurtosis is a function of the first through fourth moments of Y.

Standardized Random Variables
A random variable can be transformed into a random variable with mean 0 and vari-
ance 1 by subtracting its mean and then dividing by its standard deviation, a process 
called standardization. Specifically, let Y have mean mY and variance s2

Y. Then the 
standardized random variable computed from Y is 1Y - mY2 >sY. The mean of the 
standardized random variable is E1Y - mY2 >sY = 1EY - mY2 >sY = 0, and its 
variance is var 31Y - mY2 >sY4 = var 1Y2 >s2

Y = 1. Standardized random variables 
do not have any units, such as dollars or meters, because the units of Y are canceled 
by dividing through by sY, which also has the units of Y.

 2.3 Two Random Variables

Most of the interesting questions in economics involve two or more variables. Are 
college graduates more likely to have a job than nongraduates? How does the distri-
bution of income for women compare to that for men? These questions concern the 
distribution of two random variables, considered together (education and employ-
ment status in the first example, income and sex in the second). Answering such 
questions requires an understanding of the concepts of joint, marginal, and condi-
tional probability distributions.

Joint and Marginal Distributions
Joint distribution. The joint probability distribution of two discrete random variables, 
say X and Y, is the probability that the random variables simultaneously take on cer-
tain values, say x and y. The probabilities of all possible (x, y) combinations sum to 1. 
The joint probability distribution can be written as the function Pr1X = x, Y = y2.

For example, weather conditions—whether or not it is raining—affect the com-
muting time of the student commuter in Section 2.1. Let Y be a binary random vari-
able that equals 1 if the commute is short (less than 20 minutes) and that equals 0 
otherwise, and let X be a binary random variable that equals 0 if it is raining and 1 if 
not. Between these two random variables, there are four possible outcomes: it rains 
and the commute is long (X = 0, Y = 0); rain and short commute (X = 0, Y = 1); 
no rain and long commute (X = 1, Y = 0); and no rain and short commute 
(X = 1, Y = 1). The joint probability distribution is the frequency with which each 
of these four outcomes occurs over many repeated commutes.

An example of a joint distribution of these two variables is given in Table 2.2. 
According to this distribution, over many commutes, 15% of the days have rain and 
a long commute (X = 0, Y = 0); that is, the probability of a long rainy commute is 

M02_STOC4455_04_GE_C02.indd   65 30/11/18   11:40 AM



66 CHAPTER 2  Review of Probability

15%, or Pr1X = 0, Y = 02 = 0.15. Also, Pr1X = 0, Y = 12 = 0.15, Pr1X = 1, 
Y = 02 = 0.07, and Pr1X = 1, Y = 12 = 0.63. These four possible outcomes  
are mutually exclusive and constitute the sample space, so the four probabilities 
sum to 1.

Marginal probability distribution. The marginal probability distribution of a ran-
dom variable Y is just another name for its probability distribution. This term is used 
to distinguish the distribution of Y alone (the marginal distribution) from the joint 
distribution of Y and another random variable.

The marginal distribution of Y can be computed from the joint distribution of X 
and Y by adding up the probabilities of all possible outcomes for which Y takes  
on a specified value. If X can take on l different values x1, c, xl, then the marginal 
probability that Y takes on the value y is

 Pr1Y = y2 = a
l

i= 1
Pr1X = xi, Y = y2. (2.16)

For example, in Table 2.2, the probability of a long rainy commute is 15%, and the 
probability of a long commute with no rain is 7%, so the probability of a long com-
mute (rainy or not) is 22%. The marginal distribution of commuting times is given in 
the final column of Table 2.2. Similarly, the marginal probability that it will rain is 
30%, as shown in the final row of Table 2.2.

Conditional Distributions
Conditional distribution. The distribution of a random variable Y conditional on 
another random variable X taking on a specific value is called the conditional 
 distribution of Y given X. The conditional probability that Y takes on the value y 
when X takes on the value x is written Pr1Y = y �X = x2.

For example, what is the probability of a long commute 1Y = 02 if you know it 
is raining (X = 0)? From Table 2.2, the joint probability of a rainy short commute 
is 15%, and the joint probability of a rainy long commute is 15%, so if it is raining, 
a long commute and a short commute are equally likely. Thus the probability of a 
long commute (Y = 0) conditional on it being rainy (X = 0) is 50%, or 
Pr1Y = 0 �X = 02 = 0.50. Equivalently, the marginal probability of rain is 30%; 
that is, over many commutes, it rains 30% of the time. Of this 30% of commutes, 
50% of the time the commute is long 10.15 >  0.302.

TABLE  2.2 Joint Distribution of Weather Conditions and Commuting Times

Rain (X 5 0) No Rain (X 5 1) Total

Long commute 1Y = 02 0.15 0.07 0.22

Short commute 1Y = 12 0.15 0.63 0.78

Total 0.30 0.70 1.00
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In general, the conditional distribution of Y given X = x is

 Pr 1Y = y �X = x2 =
Pr 1X = x, Y = y2

Pr1X = x2 . (2.17)

For example, the conditional probability of a long commute given that it is rainy 
is Pr 1Y = 0 �X = 02 = Pr 1X = 0, Y = 02  >  Pr1X = 02 = 0.15 >  0.30 = 0.50.

As a second example, consider a modification of the network connection failure 
example. Suppose that half the time you write your term paper in the school library, 
which has a new wireless network; otherwise, you write it in your room, which has an 
old wireless network. If we treat the location where you write the term paper as 
random, then the network age A ( = 1 if the network is new, = 0 if it is old) is a 
random variable. Suppose the joint distribution of the random variables M and A is 
given in Part A of Table 2.3. Then the conditional distributions of connection failures 
given the age of the network are shown in Part B of the table. For example, the joint 
probability of M = 0 and A = 0 is 0.35; because half the time you use the old  network, 
the conditional probability of no failures given that you use the old network is 
Pr 1M = 0 �A = 02 = Pr  1M = 0, A = 02 >  Pr  1A = 02 = 0.35 >  0.50 = 0.70,  or 70%. 
In contrast, the conditional probability of no failures given that you use the new 
network is 90%. According to the conditional distributions in Part B of Table 2.3, the 
new network is less likely to fail than the old one; for example, the probability of 
three failures is 5% using the old network but 1% using the new network.

Conditional expectation. The conditional expectation of Y given X, also called the 
conditional mean of Y given X, is the mean of the conditional distribution of Y 
given X. That is, the conditional expectation is the expected value of Y, computed 
using the conditional distribution of Y given X. If Y takes on k values y1, c, yk, then 
the conditional mean of Y given X = x is

 E1Y �X = x2 = a
k

i= 1
yiPr 1Y = yi �X = x2. (2.18)

TABLE  2.3  Joint and Conditional Distributions of Number of Wireless Connection  
Failures (M) and Network Age (A)

A. Joint Distribution

M 5 0 M 5 1 M 5 2 M 5 3 M 5 4 Total

Old network (A = 0) 0.35 0.065 0.05 0.025 0.01 0.50

New network (A = 1) 0.45 0.035 0.01 0.005 0.00 0.50

Total 0.80 0.10 0.06 0.03 0.01 1.00

B. Conditional Distributions of M given A

M 5 0 M 5 1 M 5 2 M 5 3 M 5 4 Total

Pr1M �A = 02 0.70 0.13 0.10 0.05 0.02 1.00

Pr1M �A = 12 0.90 0.07 0.02 0.01 0.00 1.00
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For example, based on the conditional distributions in Table 2.3, the expected 
number of connection failures, given that the network is old, is E1M �A = 02 =  
0 * 0.70 + 1 * 0.13 + 2 * 0.10 + 3 * 0.05 + 4 * 0.02 = 0.56. The expected num- 
 ber of failures, given that the network is new, is E1M �A = 12 = 0.14, less than for the 
old network.

The conditional expectation of Y given X = x is just the mean value of Y when 
X = x. In the example of Table 2.3, the mean number of failures is 0.56 for the old 
network, so the conditional expectation of Y given that the network is old is 0.56. 
Similarly, for the new network, the mean number of failures is 0.14; that is, the con-
ditional expectation of Y given that the network is new is 0.14.

The law of iterated expectations. The mean of Y is the weighted average of the 
conditional expectation of Y given X, weighted by the probability distribution of X. 
For example, the mean height of adults is the weighted average of the mean height 
of men and the mean height of women, weighted by the proportions of men and 
women. Stated mathematically, if X takes on the l values x1, c, xl, then

 E1Y2 = a
l

i= 1
E  1Y �X = xi2Pr 1X = xi2. (2.19)

Equation (2.19) follows from Equations (2.18) and (2.17) (see Exercise 2.19).
Stated differently, the expectation of Y is the expectation of the conditional 

expectation of Y given X,

 E1Y2 = E3E1Y �X24, (2.20)

where the inner expectation on the right-hand side of Equation (2.20) is computed 
using the conditional distribution of Y given X and the outer expectation is com-
puted using the marginal distribution of X. Equation (2.20) is known as the law of 
iterated expectations.

For example, the mean number of connection failures M is the weighted aver-
age of the conditional expectation of M given that it is old and the conditional 
expectation of M given that it is new, so E1M2 = E1M �A = 02 * Pr 1A = 02 +  
E1M �A = 12 * Pr 1A = 12 = 0.56 * 0.50 + 0.14 * 0.50 = 0.35. This is the mean 
of the marginal distribution of M, as calculated in Equation (2.2).

The law of iterated expectations implies that if the conditional mean of Y given 
X is 0, then the mean of Y is 0. This is an immediate consequence of Equation (2.20): 
if E1Y �X2 = 0, then E1Y2 = E3E1Y �X24 = E304 = 0. Said differently, if the 
mean of Y given X is 0, then it must be that the probability-weighted average of these 
conditional means is 0; that is, the mean of Y must be 0.

The law of iterated expectations also applies to expectations that are conditional 
on multiple random variables. For example, let X, Y, and Z be random variables 
that  are jointly distributed. Then the law of iterated expectations says that 
E1Y2 = E3E1Y �X, Z24, where E1Y �X, Z2 is the conditional expectation of Y 
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given both X and Z. For example, in the network connection illustration of Table 2.3, 
let P denote the number of people using the network; then E1M �A, P2 is the 
expected number of failures for a network with age A that has P users. The expected 
number of failures overall, E1M2, is the weighted average of the expected number 
of failures for a network with age A and number of users P, weighted by the propor-
tion of occurrences of both A and P.

Exercise 2.20 provides some additional properties of conditional expectations 
with multiple variables.

Conditional variance. The variance of Y conditional on X is the variance of  
the conditional distribution of Y given X. Stated mathematically, the conditional 
variance of Y given X is

 var 1Y �X = x2 = a
k

i= 1
3yi - E1Y �X = x242 Pr 1Y = yi �X = x2. (2.21)

For example, the conditional variance of the number of failures given that the 
network is old is var 1M �A = 02 = 10 - 0.562 2 * 0.70 + 11 - 0.562 2 * 0.13 +
12 - 0.562 2 * 0.10 + 13 - 0.562 2 * 0.05 + 14 - 0.562 2 * 0.02 ≅ 0.99. The stan-
dard deviation of the conditional distribution of M given that A = 0 is thus 20.99 = 0.99. The conditional variance of M given that A = 1 is the variance of the 
distribution in the second row of Part B of Table 2.3, which is 0.22, so the standard 
deviation of M for the new network is 20.22 = 0.47. For the conditional distribu-
tions in Table 2.3, the expected number of failures for the new network (0.14) is less 
than that for the old network (0.56), and the spread of the distribution of the number 
of failures, as measured by the conditional standard deviation, is smaller for the new 
network (0.47) than for the old (0.99).

Bayes’ rule. Bayes’ rule says that the conditional probability of Y given X is the 
conditional probability of X given Y times the relative marginal probabilities of Y 
and X:

 Pr 1Y = y �X = x2 =
Pr 1X = x �Y = y2Pr 1Y = y2

Pr1X = x2  (Bayes’ rule). (2.22)

Equation (2.22) obtains from the definition of the conditional distribution in Equa-
tion (2.17), which implies that Pr 1X = x,Y = y2 = Pr 1Y = y �X = x2 Pr 1X = x2 
and that Pr 1X = x,Y = y2 = Pr 1X = x �Y = y2Pr 1Y = y2; equating the second 
parts of these two equalities and rearranging gives Bayes’ rule.

Bayes’ rule can be used to deduce conditional probabilities from the reverse 
conditional probability, with the help of marginal probabilities. For example, suppose 
you told your friend that you were dropped by the network three times last night 
while working on your term paper and your friend knows that half the time you work 
in the library and half the time you work in your room. Then your friend could 
deduce from Table 2.3 that the probability you worked in your room last night given 
three network failures is 83% (Exercise 2.28).
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The conditional mean is the minimum mean squared error prediction. The condi-
tional mean plays a central role in prediction; in fact it is, in a precise sense, the opti-
mal prediction of Y given X = x.

A common formulation of the statistical prediction problem is to posit that the cost 
of making a prediction error increases with the square of that error. The motivation for 
this squared-error prediction loss is that small errors in prediction might not matter 
much, but large errors can be very costly in real-world applications. Stated mathemati-
cally, the prediction problem thus is: what is the function g(X) that minimizes the mean 
squared prediction error, E53Y - g1X2426? The answer is the conditional mean 
E(Y|X ): Of all possible ways to use the information X, the conditional mean minimizes 
the mean squared prediction error. This result is proven in Appendix 2.2.

Independence
Two random variables X and Y are independently distributed, or independent, if 
knowing the value of one of the variables provides no information about the other. 
Specifically, X and Y are independent if the conditional distribution of Y given X 
equals the marginal distribution of Y. That is, X and Y are independently distributed 
if, for all values of x and y,

 Pr1Y = y �X = x2 = Pr 1Y = y2 1independence of X and Y2. (2.23)

Substituting Equation (2.23) into Equation (2.17) gives an alternative expression for 
independent random variables in terms of their joint distribution. If X and Y are 
independent, then

 Pr1X = x, Y = y2 = Pr1X = x2Pr1Y = y2. (2.24)

That is, the joint distribution of two independent random variables is the product of 
their marginal distributions.

Covariance and Correlation
Covariance. One measure of the extent to which two random variables move 
together is their covariance. The covariance between X and Y is the expected value 
E31X - mX21Y - mY24, where mX is the mean of X and mY is the mean of Y. The 
covariance is denoted cov(X, Y) or sXY. If X can take on l values and Y can take on 
k values, then the covariance is given by the formula

 cov1X, Y2 = sXY = E31X - mX21Y - mY24 

 = a
k

i= 1
a

l

j= 1
1xj - mX21yi - mY2Pr 1X = xj, Y = yi2. (2.25)

To interpret this formula, suppose that when X is greater than its mean (so that 
X - mX is positive), then Y tends be greater than its mean (so that Y - mY is 
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positive) and that when X is less than its mean (so that X - mX 6 0), then Y tends 
to be less than its mean (so that Y - mY 6 0). In both cases, the product 
1X - mX2 * 1Y - mY2 tends to be positive, so the covariance is positive. In contrast, 
if X and Y tend to move in opposite directions (so that X is large when Y is small, 
and vice versa), then the covariance is negative. Finally, if X and Y are independent, 
then the covariance is 0 (see Exercise 2.19).

Correlation. Because the covariance is the product of X and Y, deviated from their 
means, its units are, awkwardly, the units of X multiplied by the units of Y. This 
“units” problem can make numerical values of the covariance difficult to interpret.

The correlation is an alternative measure of dependence between X and Y that 
solves the “units” problem of the covariance. Specifically, the correlation between X 
and Y is the covariance between X and Y divided by their standard deviations:

 corr1X, Y2 =
cov1X, Y22var 1X2 var 1Y2

=
sXY

sXsY
. (2.26)

Because the units of the numerator in Equation (2.26) are the same as those of the 
denominator, the units cancel, and the correlation is unit free. The random variables 
X and Y are said to be uncorrelated if corr1X, Y2 = 0.

The correlation always is between −1 and 1; that is, as proven in Appendix 2.1,

 -1 … corr1X, Y2 … 1  1correlation inequality2. (2.27)

Correlation and conditional mean. If the conditional mean of Y does not depend 
on X, then Y and X are uncorrelated. That is,

 if E1Y �X2 = mY, then cov1Y, X2 = 0 and corr 1Y, X2 = 0. (2.28)

We now show this result. First, suppose Y and X have mean 0, so that 
cov1Y, X2 = E31Y - mY21X - mX24 = E1YX2. By the law of iterated expecta-
tions [Equation (2.20)], E1YX2 = E3E1YX �X24 = E3E  1Y �X2X4 = 0 because 
E1Y �X2 = 0, so cov1Y, X2 = 0. Equation (2.28) follows by substituting 
cov 1Y, X2 = 0 into the definition of correlation in Equation (2.26). If Y and X do 
not have mean 0, subtract off their means, and then the preceding proof applies.

It is not necessarily true, however, that if X and Y are uncorrelated, then the 
conditional mean of Y given X does not depend on X. Said differently, it is possible 
for the conditional mean of Y to be a function of X but for Y and X nonetheless to 
be uncorrelated. An example is given in Exercise 2.23.

The Mean and Variance of Sums of Random Variables
The mean of the sum of two random variables, X and Y, is the sum of their means:

 E1X + Y2 = E1X2 + E1Y2 = mX + mY. (2.29)
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P oliticians sometimes talk about how 

inequality in income arises as a result of dif-

ferences in individual ability and effort. Are these 

politicians right? Or, in contrast, do childhood cir-

cumstances affect an individual’s income during 

adulthood? For example, do children who grow up 

with fewer advantages go on to be part of house-

holds with lower average income?

One way to answer these questions is by con-

sidering how an individual’s household income as 

an adult varies according to their father’s occupa-

tional type. While no two occupations are identical, 

researchers often group similar jobs into a given 

number of meaningful classes. One method of doing 

this, as seen in the United Kingdom’s National Sta-

tistics Socio-economic Classification (NS-SEC),1 

is grouping jobs into a hierarchy of three classes: 

higher, intermediate, and routine.

 Figure 2.4 illustrates these three conditional dis-

tributions of household income for individuals in 

The Distribution of Adulthood Earnings in the United 
Kingdom by Childhood Socioeconomic Circumstances

0

0.0001

0.0002

0.0003

0 5000 10000 15000 20000
Household income

Density

Higher NS-SEC Intermediate NS-SEC
Routine NS-SEC

FIGURE 2.4  Conditional Distributions of Household Income of U.K. individuals in 2009–2010, 
by Occupational Type of Father

The three distributions of household incomes are for individuals in the United Kingdom, based on the 
National Statistics Socio-economic Classification (NS-SEC) of their father—higher, intermediate, and  
routine jobs.

1For further details refer to “The National Statistics Socio-economic classification (NS-SEC),” The Office for National 
Statistics, https://www.ons.gov.uk/, 2010.
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the United Kingdom in 2009 and 2010 according to 

the NS-SEC of their father’s occupation in that indi-

vidual’s childhood.2 The lower the classification of 

paternal occupation, the more concentrated in the 

lower end of the distribution is household income 

in adulthood.

The statistics for monthly household income for 

these individuals by NS-SEC classification are sum-

marized in  Table 2.4.  For example, the mean income 

of individuals whose father’s occupation is classified 

as routine, that is, E(Income|Father’s social class =
routine), was £2,440.94. This is over £700 less than 

that for individuals whose father’s occupation is clas-

sified as higher, that is, E(Income|Father’s social class

= higher), which is £3149.27. Furthermore, these 

differences are much greater at higher ends of the 

distribution, with the difference in income between 

these groups being over £900 at the 75th percentile 

and almost £1,300 at the 90th percentile. The stan-

dard deviation of household income also increases 

with occupation classification, meaning that the 

spread of household income is also greater accord-

ing to this measure.

This information is critical when examining the 

sort of claim discussed earlier. It appears that child-

hood circumstances may play some part in deter-

mining an individual’s socioeconomic circumstances 

later in life. Can we say this for certain? Is there 

anything more to consider? These circumstances and 

others like a “gender gap” in earnings are an impor-

tant aspect of the distribution of income. We revisit 

this topic in later chapters.

2Conditional distributions were estimated from data from 
the first wave of the United Kingdom’s Understanding 
Society dataset (gathered during 2009 and 2010). More 
details are available at https://www.understandingsociety 
.ac.uk/. Individuals with missing observations are excluded.

Percentile

NS-SEC of  

Father’s Job

 

Mean

Standard 

Deviation 25%

50% 

(median) 75% 90%

(a) Higher £3,149.27 £2,434.33 £1,663.33 £2,626.92 £3,973.74 £5,629.00

(b)  Intermediate 2,692.01 2,187.53 1,362.44 2,237.56 3,382.00 4,881.99

(c) Routine 2,440.94 1,878.58 1,291.00 2,049.74 3,067.76 4,339.84

TABLE 2.4  Summaries of the Conditional Distribution of Monthly Household Income for 
Individuals in the United Kingdom Given NS-SEC of Father’s Occupation
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The variance of the sum of X and Y is the sum of their variances plus two times 
their covariance:

 var1X + Y2 = var1X2 + var1Y2 + 2cov1X, Y2 = s2
X + s2

Y + 2sXY. (2.37)

If X and Y are independent, then the covariance is 0, and the variance of their sum 
is the sum of their variances:

 var1X + Y2 = var1X2 + var1Y2 = s2
X + s2

Y 

 1if X and Y are independent2. (2.38)

Useful expressions for means, variances, and covariances involving weighted sums of 
random variables are collected in Key Concept 2.3. The results in Key Concept 2.3 
are derived in Appendix 2.1.

Means, Variances, and Covariances of Sums  
of Random Variables

Let X, Y, and V be random variables; let mX and s2
X be the mean and variance 

of X and let sXY be the covariance between X and Y (and so forth for the other 
variables); and let a, b, and c be constants. Equations (2.30) through (2.36) follow 
from the definitions of the mean, variance, and covariance:

 E1a + bX + cY2 = a + bmX + cmY, (2.30)

 var 1a + bY2 = b2s2
Y, (2.31)

 var 1aX + bY2 = a2s2
X + 2absXY + b2s2

Y, (2.32)

 E1Y 22 = s2
Y + m2

Y, (2.33)

 cov1a + bX + cV, Y2 = bsXY + csVY, (2.34)

 E1XY2 = sXY + mXmY, (2.35)

 � corr1X, Y2 � … 1 and �sXY � … 2s2
Xs

2
Y 1correlation inequality2. (2.36)

KEY CONCEPT 

2.3 
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 2.4  The Normal, Chi-Squared, Student t, and  
F Distributions

The probability distributions most often encountered in econometrics are the nor-
mal, chi-squared, Student t, and F distributions.

The Normal Distribution
A continuous random variable with a normal distribution has the familiar bell-
shaped probability density shown in Figure 2.5. The function defining the normal 
probability density is given in Appendix 18.1. As Figure 2.5 shows, the normal density 
with mean m and variance s2 is symmetric around its mean and has 95% of its prob-
ability between m - 1.96s and m + 1.96s.

Some special notation and terminology have been developed for the normal 
distribution. The normal distribution with mean m and variance s2 is expressed con-
cisely as N1m, s22. The standard normal distribution is the normal distribution with 
mean m = 0 and variance s2 = 1 and is denoted N  10, 12. Random variables that 
have a N  10, 12 distribution are often denoted Z, and the standard normal cumula-
tive distribution function is denoted by the Greek letter Φ; accordingly, 
Pr 1Z … c2 = Φ1c2, where c is a constant. Values of the standard normal cumulative 
distribution function are tabulated in Appendix Table 1.

To look up probabilities for a normal variable with a general mean and variance, 
we must first standardize the variable. For example, suppose Y is distributed  
N11, 42—that is, Y is normally distributed with a mean of 1 and a variance of 4. What 
is the probability that Y … 2—that is, what is the shaded area in Figure 2.6a? The stan-
dardized version of Y is Y minus its mean, divided by its standard deviation; that is, 
1Y - 12 >24 = 1

21Y - 12. Accordingly, the random variable 121Y - 12 is normally 
distributed with mean 0 and variance 1 (see Exercise 2.8); it has the standard normal 

 2.4   The Normal, Chi-Squared, Student t, and F Distributions 75

FIGURE 2.5  The Normal Probability Density

The normal probability density function 
with mean m and variance s2 is a bell-
shaped curve, centered at m. The area under 
the  normal p.d.f. between m - 1.96s and 
m + 1.96s is 0.95. The normal distribution is 
denoted N1m, s22.

ym + 1.96s

95%

m – 1.96s m
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FIGURE 2.6  Calculating the Probability That Y " 2 When Y Is Distributed N(1, 4)

To calculate Pr1Y … 22, standardize Y, 
then use the standard normal distribution 
table. Y is standardized by subtracting its 
mean 1m = 12 and dividing by its stan-
dard deviation 1s = 22. The probability 
that Y … 2 is shown in Figure 2.6a, and the 
corresponding probability after standard-
izing Y is shown in Figure 2.6b. Because the 
standardized random variable, 1Y - 12  >  2, 
is a standard normal (Z) random variable, 
Pr1Y … 22 = Pr1Y - 1

2 … 2 - 1
2 2 =  

Pr1Z … 0.52. From Appendix Table 1, 
Pr1Z … 0.52 = Φ10.52 = 0.691.

y1.0 2.0

N(1, 4) distribution

Pr(Y # 2)

(a) N(1, 4)

z0.0 0.5

N(0, 1) distribution

Pr(Z # 0.5)

(b) N(0, 1)

0.691

Computing Probabilities and Involving Normal  
Random Variables

Suppose Y is normally distributed with mean m and variance s2; in other words, 
Y is distributed N1m, s22. Then Y is standardized by subtracting its mean and 
dividing by its standard deviation, that is, by computing Z = 1Y - m2 >s.

Let c1 and c2 denote two numbers with c1 6 c2, and let d1 = 1c1 - m2 >s and 
d2 = 1c2 - m2 >s. Then

 Pr1Y … c22 = Pr1Z … d22 = Φ1d22, (2.39)

 Pr1Y Ú c12 = Pr1Z Ú d12 = 1 - Φ1d12, (2.40)

 Pr1c1 … Y … c22 = Pr1d1 … Z … d22 = Φ1d22 - Φ1d12. (2.41)

The normal cumulative distribution function Φ is tabulated in Appendix Table 1.

KEY CONCEPT 

2.4 
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O n Thursday, January 15, 2015, the value of 

the euro fell by 17.472% from 1.201 to 0.991 

against the Swiss franc. This was a huge shift, illus-

trated in the downward spike in Figure 2.7, given 

that the previous year had not seen a day’s move-

ment greater than 0.544%. If you had woken up as 

a statistical analyst for a financial company on that 

Thursday morning, how might you have estimated 

the probability of this happening that day?

If you had assumed the data was normally dis-

tributed, you would have required an estimate of the 

standard deviation of daily percentage change in the 

euro/Swiss franc exchange rates. Using Datastream 

data1 for the year to January 14, 2015, you can esti-

mate this as 0.112%.

What was the probability of a drop of 17.472%? 

We can first calculate the number of standard devia-

tions that describes a change of this magnitude as 
17.472
0.112 = 156. If the daily percentage changes are nor-

mally distributed, then the estimate of the probabil-

ity of a fall at least as big as 156 standard deviations 

corresponds to an inconceivably small number—

8.175 * 10-5288, which is derived using Equation (2.39).

The Unpegging of the Swiss Franc

continued on next page

The same approach can be used to compute the probability that a normally distrib-
uted random variable exceeds (or is less than) some value or that it falls in a certain 
range. These steps are discussed in Key Concept 2.4.  The box “The Unpegging of the 
Swiss Franc” presents an unusual application of the cumulative normal distribution.

The normal distribution is symmetric, so its skewness is 0. The kurtosis of the 
normal distribution is 3.

The multivariate normal distribution. The normal distribution can be generalized 
to describe the joint distribution of a set of random variables. In this case, the distri-
bution is called the multivariate normal distribution or, if only two variables are 
being considered, the bivariate normal distribution. The formula for the bivariate 
normal p.d.f. is given in Appendix 18.1, and the formula for the general multivariate 
normal p.d.f. is given in Appendix 19.2.

The multivariate normal distribution has four important properties. If X and Y 
have a bivariate normal distribution with covariance sXY and if a and b are two con-
stants, then aX + bY has the normal distribution:

 aX + bY is distributed N  1amX + bmY, a2s2
X + b2s2

Y + 2absXY2 

 1X, Y bivariate normal2. (2.43)

distribution shown in Figure 2.6b. Now Y … 2 is equivalent to 121Y - 12 … 1
212 - 12; 

that is, 121Y - 12 … 1
2. Thus

 Pr 1Y … 22 = Pr31
21Y - 12 … 1

24 = Pr 1Z … 1
22 = Φ10.52 = 0.691, (2.42)

where the value 0.691 is taken from Appendix Table 1.

1Datastream, maintained by Thomson Reuters, is a global 
financial and macroeconomic data platform that acts as a 
repository of financial and economic data.
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FIGURE 2.7  Daily Percentage Change in the Euro/Swiss Franc Exchange Rate
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So was the probability of a fall at least this large 

really so small? Well, no. The error here is to not 

investigate the nature of our data further, and to fail 

to understand the actual process that determined the 

value of the currency. The Swiss franc had in fact been 

kept within very small bounds due to the actions of 

the country’s central bank in setting a so-called “peg” 

for the currency. In the previous twelve months, this 

had been within the range of 1.2008 and 1.236 Swiss 

francs per euro. In fact, the introduction of this peg 

over three years earlier had caused an appreciation 

of the euro against the Swiss franc of over 20 stan-

dard deviations (again, assuming a normal distribu-

tion derived from previous daily changes!).2

It was the introduction of the peg that had caused 

such little volatility in—or such a low standard devia-

tion of—the value of the currency. Once this peg was 

removed, as happened on that particular Thursday, 

the value of the currency was able to float and vary 

according to market factors. Investors responded to 

the removal of the peg by bidding down the value of 

the euro against the franc substantially.

It is not only the removal of a currency peg in this 

way that can cause extreme fluctuations. The result  

The day-on-day percentage change in the value of the euro in Swiss francs for a year before and a year after 
the unpegging of the Swiss franc on January 15, 2015.

2See the article published in Reuters, “Charts of the Dat, 
Swiss Franc Edition,” by Felix Salmon, September 6, 2011.
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of the 2016 “Brexit” referendum in the United 

Kingdom—an event that, while seen as unlikely, was at 

least partly foreseeable—led to an appreciation in the 

value of the euro against British pound sterling on June 

24, 2016, of 6.17%. This is equivalent to 9.80 standard 

deviations (based on data from the previous year), or 

an event with an apparent probability of 5.629 * 10-23. 

While it may seem substantially more likely to occur, 

the probability of such an event actually taking place is 

less than once every 1,000,000,000,000,000,000 years 

(a total of 18 zeros)!3 Again, it seems unlikely that this 

is an accurate characterization of the probability of 

such an event occurring.

Clearly, it is dangerous to assume that data is 

normally distributed or that recent observations of a 

variable will provide a useful prediction of the range 

of future values. Indeed, it is partly for this reason 

that advertisements for financial products in the 

United Kingdom must carry a disclaimer that “past 

performance is not a guide to future performance.”

More generally, if n random variables have a multivariate normal distribution, 
then any linear combination of these variables (such as their sum) is normally 
distributed.

Second, if a set of variables has a multivariate normal distribution, then the mar-
ginal distribution of each of the variables is normal [this follows from Equation 
(2.43) by setting a = 1 and b = 0].

Third, if variables with a multivariate normal distribution have covariances that equal 
0, then the variables are independent. Thus, if X and Y have a bivariate normal distribution 
and sXY = 0, then X and Y are independent (this is shown in Appendix 18.1). In 
Section 2.3, it was shown that if X and Y are independent, then, regardless of their 
joint distribution, sXY = 0. If X and Y are jointly normally distributed, then the con-
verse is also true. This result—that 0 covariance implies independence—is a special 
property of the multivariate normal distribution that is not true in general.

Fourth, if X and Y have a bivariate normal distribution, then the conditional expec-
tation of Y given X is linear in X; that is, E1Y �X = x2 = a + bx, where a and b are 
constants (Exercise 18.11). Joint normality implies linearity of conditional expectations, 
but linearity of conditional expectations does not imply joint normality.

3This is based on the assumption of 260 trading days per year.
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