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Preface

The growing awareness of the need for energy savings and the increase of efficiency of cen-
trifugal compressors over the last decades has resulted in an increasing field of applications.
The compactness, small weight and simplicity of the components allow an efficient replace-
ment of multistage axial compressors by a single stage radial one. The absence of mechanical
friction, lower life time cost and high reliability makes centrifugal compressors also superior to
reciprocal ones. All this has lead to a revival of centrifugal compressor research.

Centrifugal compressors are very different from axial ones and require a specific approach.
This book intends to respond to that. Extensive reference is made to the experimental results
and analytical flow models that have been developed during the last (pre-computer) century
and published in the open literature. This is complemented by the research conducted in the
context of the PhD. thesis of Drs. Paul Frigne, George Verdonk, Marios Sideris, Antonios Fatsis,
Erkan Ayder, Koen Hillewaert, Alain Demeulenaere, Olivier Léonard, Stephane Pierret, Tom
Verstraete, Alberto Di Sante and the research projects of the many Master students that I had
the pleasure to supervise.

The book does not provide the recipe to design “the optimal compressor” but rather insight
into the flow structure. The purpose is to help remediating problems, finding a compromise
between the different design targets and restrictions and help for a better reading and hence a
more efficient use of Navier-Stokes results.

Numerical techniques are not described in detail but attention is given to their application,
in particular to the correct operating conditions and restrictions of the different approaches
and to their use in the modern computational design and optimization techniques developed
during the last two decades.

The book is based on the “Advanced Course Centrifugal Compressors” that is taught by the
author in the “Research Master Program” at the von Karman Institute. It intends to be a ref-
erence for engineers involved in the design and analysis of centrifugal compressors as well as
teachers and students specializing in this field.

I am indebted to my former colleagues at the von Karman Institute, Profs. Frans Breugelmans,
Claus Sieverding, Tony Arts and my successor Tom Verstraete. Working with them has been a
very enriching and motivating experience. Thanks also to Dr. Z. Alsalihi and ir. J. Prinsier for
the many years of fruitfull collaboration and CFD support including the preparation of figures,
and to the VKI librarians Christelle De Beer and Evelyne Crochard for their logistic help in
preparing this book.

This book would not have been realized without the understanding, encouragement and
unlimited support of Leen, my wife and soul-mate for more than fifty years. Special thanks
for that.

Alsemberg, February 25, 2018 René Van den Braembussche,
Hon. Professor von Karman Institute
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xviii List of Symbols

𝜆 number of stall cells or rotating waves
ratio of wake mass flow/total mass flow

𝜇 work reduction factor
dynamic viscosity

𝜈 wake/jet velocity ratio
kinematic viscosity 𝜇∕𝜌

𝜔 total pressure loss coefficient
Ω impeller rotational speed (rad/sec)
ΩR reduced frequency (Equation 7.1)
𝜔m mth modal frequency of the impeller
𝜔s streamwise vorticity
𝜔
𝜎

rotational speed of stall cell
imaginary part of S

𝜋 pressure ratio
𝜙 flow coefficient (Vm∕U)
𝜓 non dimensional pressure rise coefficient
Ψ streamfunction
𝜌 density
𝜎 slip factor

solidity (chord/pitch)
stress (MPa)

𝜏 time for one impeller rotation
period of perturbation
shear stress

∇ ⃗ix
𝜕

𝜕x
+ ⃗iy

𝜕

𝜕x
+ ⃗iz

𝜕

𝜕x
∨ vector product
∇2 Laplace operator

Subscripts

0 upstream of IGV or inlet volute
01 downstream IGV
1 impeller inlet
2 impeller outlet
3 vaned diffuser leading edge
4 diffuser outlet
5 volute exit
6 compressor outlet - return channel exit
11 at the inner radius of the impeller backplate
a absolute frame of reference
ad adiabatic
b in blade to blade direction
bl of the blade
b2 based on the impeller outlet width
C of the compressor
c critical value

at center of volute cross section
ce due to centrifugal forces
ch at choking
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List of Symbols xix

cl due to clearance
Cor due to Coriolis forces
curv due to curvature
D of the diffuser

deterministic solution
d downstream
des design value
dia diabatic
EC of the exit cone
F of the force
fl of the flow
fr due to friction
H at the hub
i, j, k indices in meridional, tangential and normal direction
IGV inlet guide vane setting angle
inc incompressible

due to incidence
inl at the inlet
iw at the inner wall
j in the jet

index of circumferential position
kb due to blade blockage
LE leading edge value
m meridional component
max maximum value
mech mechanical
min minimum value
MC corresponding to remaining swirl
MVDL due to meridional velocity dump losses
n normal component
N nominal value
o at the outlet
opt optimum value
ow at the outer wall
p of the pipe

polytropic
P due to pressure

of the plenum
PS on the pressure side
r of the rotor (relative frame)
R radial component

at resonance
robust solution

ref reference value, reference gas
ret at return flow
Ro corresponding to rothalpy / corrected for rotation
s streamwise component
S at the shroud

swirl component
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xx List of Symbols

SS on the suction side
S − S static to static
SEP at separation point
T trough flow or tangential component

of the throttle device
TE trailing edge value
th at the throat section
T − S total to static
T − T total to total
TVDL due to tangential velocity dump losses
u peripheral component

upstream
un uncontrolled
V based on absolute velocity
w in the wake

on the wall
W based on relative velocity
x axial component
∞ free stream value

at high Reynolds number

Superscripts

i isentropic
k number of the time step
nr non rotating
o stagnation conditions
t at next time step or generation
∧ perturbation component
∼ average
→ vector
∞ assuming an infinite number of blades
★ target value
’ 𝜕..∕𝜕𝜙
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Introduction

A radial compressor can be divided into different parts, as shown in Figure 1.1. The flow is
aspirated from the inlet plenum and after being deflected by the inlet guide vanes (IGV),
it enters the inducer. From there on the flow is decelerated and turned into the axial and
radial directions before leaving the impeller in the exducer. The presence of a radial velocity
component is responsible for Coriolis forces, which, together with the blade curvature effect,
tends to stabilize the boundary layer at the shroud and suction side of the inducer (Johnston
1974; Koyama et al. 1978). The boundary layer becomes less turbulent and will more easily
separate under the influence of an adverse pressure gradient.

Two different flow zones can be observed inside the impeller resulting from flow separation
and secondary flows (Carrad 1923; Dean 1972):

• A highly energetic zone with a high relative Mach number, commonly called the jet. The flow
in this zone is considered quasi isentropic.

• A lower energetic zone with a low relative Mach number where the flow is highly influenced
by losses. This zone, commonly called the wake, is fed by the boundary layers and influenced
by secondary flows.

After leaving the impeller, rapid mixing takes place between the two zones due to the differ-
ence in angular momentum (mixing region). This intensive energy exchange results in a fast
uniformization of the flow.

The flow is further decelerated by an area increase corresponding to the radius increase of
the vaneless diffuser and influenced by friction on the lateral walls.

In case of a vaned diffuser, the flow, after a short vaneless space, enters the semi-vaneless
space, i.e. the diffuser entry region between the leading edge and the throat section where a
rapid adjustment rearranges the isobar pattern from nearly circumferential to perpendicular to
the main flow direction. If the Mach number is higher than one, a shock system may decelerate
the flow such that the throat section becomes subsonic.

A further decrease in the velocity in the divergent diffuser channel downstream of the
throat realizes an additional increase in the static pressure. Depending on the throat flow
conditions, the boundary layers in this channel will thicken or even separate, which limits the
static pressure rise.

The flow may exit the compressor by a volute or plenum, or can be guided into the next stage
by a return channel.

The following chapters describe the flow in the different parts (IGV, impeller, diffuser, etc.)
together with the equations governing the flow in these components. A first objective is
to provide insight into the flow structure to allow a better understanding of numerical and
experimental results. A second objective is the characterization of the compressor components
based on a limited number of geometrical parameters, experimental correlations, and flow

Design and Analysis of Centrifugal Compressors, First Edition. René Van den Braembussche.
© 2019, The American Society of Mechanical Engineers (ASME), 2 Park Avenue, New York, NY, 10016, USA (www.asme.org).
Published 2019 by John Wiley & Sons Ltd.
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Figure 1.1 Schematic view of the radial compressor components and flow (from Dean 1972).

parameters such as the diffusion ratio (DR), the jet wake mass flow ratio (𝜆) for the impeller
flow, the pressure recovery (CP) for the diffuser, etc.

The ultimate purpose is to provide input for the design of compressors that better satisfy the
design requirements in terms of pressure ratio, efficiency, mass flow, and stable operating range.

1.1 Application of Centrifugal Compressors

Experience has shown that the specific speed NS is a valuable parameter in the selection of the
type of compressor (axial, centrifugal or volumetric) that is best suited for a given application.

The specific speed is defined by

NS =
RPM

√
̇Q

ΔH3∕4 (1.1)

This is a non-dimensional parameter only if coherent units are used (m3/s for the volume flow
̇Q, m2/s2 for the enthalpy rise ΔH). However, a commonly used definition of specific speed for

compressors

NSC =
RPM

√
ft3∕s

ft3∕4 (1.2)

does not use SI units and is not non-dimensional.
A common definition for pumps is

NSP =
RPM

√
GPM

ft3∕4 (1.3)

where GPM = US gallon/min and the manometric head is in ft.
The following definitions in SI units are non-dimensional:

NS1 =
Ω
√

m3∕s
ΔH3∕4 or NS2 =

RPS
√

m3∕s
ΔH3∕4 (1.4)
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Previous definitions are linked by:

NSC = 129.01NS1 NSC = 2𝜋129.01NS2 NSP = 21.22NSC (1.5)

Radial compressors can achieve high pressure ratios and the inlet volume flow can be very
different from the one at the outlet. We should therefore verify which one of the two has been
used in the definition of NS. Rodgers (1980) proposes using an average value of the inlet and
outlet volumetric flow:

̃̇Q =
̇Q1 + ̇Q6

2
The variation of efficiency as a function of specific speed for axial, centrifugal, and volumetric
compressors is shown in Figure 1.2. Test results for numerous compressors lie within the shaded
areas and the full lines envelop the data corresponding to the different types. The meridional
cross section of the corresponding type of compressor geometry is shown on top. The limiting
curves on the figure intend only to show the trend in compressor efficiency as a function of
specific speed. They should not be used for prediction purposes because the information dates
from a period when the flow in radial impellers was not yet fully understood (Baljé 1961). Great
improvements have been made since then, thanks to the information obtained by CFD and
optical measurement techniques. More recent results are shown in Figure 1.14.

Centrifugal compressors can also be designed for specific speed values away from the
optimum indicated on Figure 1.2 but this does not facilitate the job. Positive displacement
(volumetric) compressors are often replaced by less efficient very low specific speed centrifugal
compressors for operational and maintenance reasons.

1.0

0.9

η

0.8

0.7

0.6

0.5

0.4
10 15 20 30 40 70 100 200 400 600 1000

NSC

CENTRIFUGAL
I
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DISPLACEMENT

CENTRIFUGAL
CL

MIXED AXIAL

AXIAL

Figure 1.2 Variation of efficiency and geometry with specific speed.
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Figure 1.3 Industrial centrifugal impellers (from Benvenuti
1977).

Centrifugal compressors are used at lower NS than axial compressors. The low NS may result
from:

• operation at low RPM: this is often the case with industrial compressors (Figure 1.3) for rea-
sons of maximizing lifetime

• small volume flow as occurring in last stages (Figure 1.4a) of multicorps industrial compres-
sors (Figure 1.4b)

• a high pressure ratio per stage in combination with a small volume flow (Figure 1.5) or even
large volume flow in combination with very large pressure ratios (Figure 1.6) as occurs in
turbochargers

• a high pressure ratio and small volume flow as in small gas turbines for automotive applica-
tions (Figure 1.7), in the last compressor stages of small gas turbines, turboprop or jet engines
(Figure 1.8), and in micro gas turbines (Figure 1.9).

(a) (b)

Figure 1.4 (a) Last corps of a high pressure industrial centrifugal compressor with (b) very low specific speed
impeller (from Benvenuti 1977).
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Figure 1.5 Cross section of a turbocharger (courtesy of MHI).

Figure 1.6 Large turbocharger for ship diesel engine
(courtesy of ABB Turbo Systems Ltd).

Figure 1.7 Layout of a gas turbine for automotive applications (courtesy of Volvo Group Trucks Technology).

1.2 Achievable Efficiency

Figure 1.2 shows a much lower maximum efficiency for radial compressors than for axial ones.
As already mentioned, this figure dates from the time that the flow in radial compressors was
not yet well understood and they were designed by simple rules and intuition, complemented
by analytical considerations and empiricism. The relative flow in radial compressors being
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Figure 1.8 Compressor of a turboprop engine with radial endstage
(courtesy of Pratt & Whitney Canada Corp.).

(a) (b)

Figure 1.9 (a) Cross section of a micro gas turbine and (b) view of generator and impellers (diameter of 20 mm).

rotational, it is not possible to study the flow experimentally in a stationary (non-rotating)
facility, as was done by NACA for axial compressors (Herrig et al. 1957). The heroic exper-
imental campaign of Fowler (1966, 1968) was the start of a better understanding of the real
three-dimensional (3D) flow in radial impellers (Figure 1.10). It has been complemented by
advanced optical measurements (Eckardt 1976).

Before starting to discuss the maximum value of achievable efficiencies, one should first clar-
ify the different definitions of efficiency (Figure 1.11). The temperature and enthalpy are related
by the specific heat coefficient Cp. The following theoretical considerations assume constant
Cp. Hence the T , S diagram is interchangeable with the H , S diagram.

The flow entering the compressor has a static temperature T1 and a total temperature To
1 . The

difference is the kinetic energy at the impeller inlet V 2
1 ∕2Cp. The static pressure at the impeller

exit P2 is achieved with a static temperature rise to T2 and a total temperature To
2 . An isentropic

compression to the same static pressure would have resulted in an outlet static temperature Ti
2

and total temperature To,i
2 .

Considering only the static pressure at the impeller exit (2), the ratio of the minimum required
energy over the real added one is called total to static efficiency, and is defined by:

𝜂2,T−S =
Ti

2 − To
1

To
2 − To

1
=

(P2∕Po
1)

𝜅−1
𝜅 − 1

(To
2 − To

1 )∕To
1

(1.6)

In most cases this will be a low value because in this definition the kinetic energy at the impeller
exit is considered lost or useless.
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INLET BELLMOUTH INLET INSTRUMENT RAKE

INLET SWIRL VANES

ROTATING IMPELLER
2.133 m DIAMETER
WITH OBSERVER IN HUB

SNAILSHELL EXIT VOLUTE

HOT WIRE ANEMOMETER PROBE

INLET BELLMOUTH

2.1 kW VARIABLE SPEED MOTOR

GAUZE THROTTLES

Figure 1.10 Measurements of the relative flow in a rotating impeller (from Fowler 1966).

Figure 1.11 Definition of efficiencies. T Po
2

Po
1

To
1

To,i
6

To
6 = To

2

To,i
2

Ti
2

Ti
6

Po
6

P6

P2

P1

T1

T2

T6

S

The total to total efficiency, defined by:

𝜂2,T−T =
To,i

2 − To
1

To
2 − To

1
=

(Po
2∕Po

1)
𝜅−1
𝜅 − 1

(To
2 − To

1 )∕To
1

(1.7)

is much higher (Figure 1.11) because it considers that the kinetic energy at the impeller exit
(V 2

2 = 2Cp(To
2 − T2)) is also useful.
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Considering the static and total flow conditions at the compressor exit (6), the previous defi-
nitions become:

𝜂6,T−S =
Ti

6 − To
1

To
6 − To

1
=

(P6∕Po
1)

𝜅−1
𝜅 − 1

(To
6 − To

1 )∕To
1

(1.8)

𝜂6,T−T =
To,i

6 − To
1

To
6 − To

1
=

(Po
6∕Po

1)
𝜅−1
𝜅 − 1

(To
6 − To

1 )∕To
1

(1.9)

The total to static efficiency is now much larger than at the impeller exit because part of the
kinetic energy available at the impeller exit has been transformed into pressure by the sta-
tor/diffuser.

However, the total to total efficiency at the compressor exit is lower than at the impeller exit
because the To,i

6 is smaller than To,i
2 , due to the stator/diffuser losses. The total temperature

rise To
6 − To

1 = To
2 − To

1 because no energy is added in an adiabatic non-rotating diffuser. When
comparing the efficiency of different compressors one should therefore verify if the same defi-
nition of the efficiency has been used.

The polytropic efficiency is commonly used for multistage and high pressure ratio compres-
sors to correct for the divergence of the iso-pressure lines. Polytropic efficiency compares the
real enthalpy rise with the hypothetical one of an infinite number of compressor stages each
with an infinitesimal small pressure rise producing the same overall pressure and temperature
rise of the complete compressor (Figure 1.12). Hence:

𝜂p =
∑

ΔTi∑
ΔT

=
∑

ΔTi

Tn − T1
>

Ti
n − T1

Tn − T1
= 𝜂 (1.10)

This is therefore called small stage efficiency and can also be written as:

𝜂p = 𝜅 − 1
𝜅

ln( Pn

P1
)

ln(Tn

T1
)

or
T2

T1
=

P2

P1

𝜅−1
𝜂p𝜅

(1.11)

Figure 1.12 illustrates how this definition results in an efficiency than is higher than the
isentropic one because, due to the divergence of the iso-pressure lines,

∑
ΔTi

> Ti
n − T1. The

use of polytropic efficiency is recommended for multistage compressors because it results in a
value of the overall efficiency that is closer to the efficiency of the individual stages.

T
Tn

T1

P1

Pn

S

Is
en

tr
op

ic
 c

om
pr

es
si

on

Ti
n

ΔTi ΔT

Figure 1.12 Definition of polytropic efficiency.
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Figure 1.13 Variation of efficiency with pressure ratio and mass flow (from Japikse and Baines 1994).

Figure 1.13 shows an estimation of the achievable total to static efficiency of radial compres-
sors in function of the mass flow and pressure ratio. Black dots indicate experimental data. The
number next to them specifies the mass flow in kg/s at which that efficiency has been obtained.
The lines on the figure define trends based on average values and may help in estimating the
achievable performance of new designs. Very high values of maximum total to static efficien-
cies (up to 89%) are predicted at low pressure ratio. They are the result of an extrapolation of
the high pressure ratio values. They are also not confirmed by experimental data and seem too
optimistic.

The trends on Figure 1.13 can be explained by means of a model based on correlations avail-
able in the literature. It starts from the maximum impeller efficiency curve corresponding to
large compressors operating at high Reynolds number and optimal specific speed (Figure 1.14)
(Rodgers 1980). We observe maximum efficiencies that are much higher than the ones on
Figure 1.2. This is a consequence of the improved understanding of the flow in radial com-
pressors, obtained from more detailed experimental results (Fowler 1966; Eckardt 1976) and

NS1

100

90

ηp,1–2

80

70

60
0.1 0.2

β2 = 0.°

β2 = 55.°
β2 = 25.° – 50.°

0.4 0.5 0.6 0.7 0.8 1.0 1.20.3

Figure 1.14 Variation of impeller polytropic efficiency (T–T) with non-dimensional specific speed (from
Rodgers 1980).
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Figure 1.15 Variation of compressor T–S efficiency
with non-dimensional specific speed and inlet Mach
number (from Rodgers 1991).

full 3D Navier–Stokes analyses that have become possible on modern computers. The top line
on this figure fixes the maximum polytropic impeller efficiency at 92%. This is in agreement
with a maximum T–S stage efficiency of 86.5% for pressure ratios below 3 on Figure 1.13.

Two corrections to this reference value have to be implemented. The first one accounts for
Mach number effects. It results in a decrease in the efficiency for pressure ratios larger than 3,
when the impeller inlet flow becomes transonic. This is illustrated in Figure 1.15 and the impact
on efficiency is estimated at

Δ𝜂C = 𝜆M(M1,S − 1.0) (1.12)

where 𝜆M = −0.1 (Rodgers 1991). This explains the interest in designing impellers for mini-
mum relative inlet Mach number at the shroud in order to postpone transonic flows to higher
pressure ratios.

The second correction makes use of the Reynolds number to account for the change in effi-
ciency with compressor size and operating conditions:

1 − 𝜂
1 − 𝜂ref

= a + (1 − a)
(Reb2,ref

Reb2

)n

(1.13)

where 𝜂ref corresponds to the efficiency at a known reference Reynolds number Reb2,ref , Reb2 is
the Reynolds number at the operating point, a expresses the fraction of the compressor losses
that do not scale with viscosity, such as clearance and leakage losses and therefore independent
of Reynolds number, and n is an empirical factor, typically between 0.16 and 0.50, that depends
on Reynolds number, roughness, and geometry.

The Reynolds number used in this correlation

Reb2 =
U2 b2

𝜇

𝜌2 (1.14)

is based on the impeller outlet width b2 because 2b2 ≈ DH , the hydraulic diameter of an impeller
flow passage near the exit, where the friction is dominant.

Previous correction accounts only implicitly for the impact of roughness on compressor
losses by a change in the exponent n. A more explicit estimation has been proposed by Simon
and Bulskamper (1984), Casey (1985), and Strub et al. (1987). They scale the losses by the
friction coefficient instead of Reynolds number. This allows more explicit accounting for
changes in both viscosity and roughness:

1 − 𝜂
1 − 𝜂ref

=
a + (1 − a)Cf ∕Cf ,∞

a + (1 − a)Cf ,ref ∕Cf ,∞
(1.15)
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Cf is the Darcy friction coefficient, a function of the Reynolds number, wall roughness specified
by the equivalent sand grain size ks, and the hydraulic diameter DH . It is defined by the implicit
formula of Colebrook (1939):

1√
Cf

= −2log10

⎛⎜⎜⎜⎝
ks

3.7DH
+ 2.51

Re
√

Cf

⎞⎟⎟⎟⎠ (1.16)

In explicit form it reads:

Cf =
0.0625{

log
[

ks

3.7DH
− 5

Re
log

(
ks

3.7DH
− 5

Re
log

(
ks

3.7DH

))]}2 (1.17)

Cf ,∞ is the friction coefficient on hydraulically smooth walls at high Reynolds number. Cf ,ref
is the friction coefficient at the flow conditions at which 𝜂ref has been defined.

This relation is shown in Figure 1.16. We observe that an increase in Reynolds number will
not result in a decrease in the friction coefficient unless the surface is sufficiently smooth. This
figure also shows that smoothing of the surface is useful only if the Reynolds number is larger
than a critical value function of the relative roughness. Hence Equation (1.15) allows the impact
of a change in the roughness of a given geometry at constant Reynolds number to be evaluated.
It turns out that smoothing of the surfaces is useful only if the Reynolds number based on the
sand grain size ks:

Reks
=

U ks

𝜇

𝜌 < 100 (1.18)

Childs and Noronha (1999) pointed out that the effect of roughness depends on the shape of
the roughness, which in term depends on the manufacturing technique. Casting results in an
unstructured sand grain type roughness (Figure 1.17a) whereas machining gives rise to a struc-
tured pattern composed of cusp heights and cutter path roughness in between (Figure 1.17b).
In the first case the effect of roughness on friction is independent of the flow direction. This is
not the case on machined surfaces where an alignment of the machine’s cutter path to the flow
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Figure 1.16 Variation of friction coefficient with Reynolds number and roughness (from Strub et al. 1987).
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Figure 1.17 Centerline average roughness definition for (a) casted and (b) machined surfaces (from Childs and
Noronha 1999).

direction may reduce the apparent roughness to the one inside each cutting path and may even
have a favorable effect on the performance by a kind of alignment of the boundary layer to the
main flow.

The width of the cusps and cutter path roughness depend on the size of the cutting tool and
cutter speed, which in turn have an important impact on manufacturing cost. As stated by
Childs and Noronha (1999), cutter marks may also affect the fatigue life of the blades, tend to
retain deposits, and accelerate stress corrosion on the substrate metal.

Depending on the geometry, the fraction of viscous losses a in (1.13) and (1.15) at peak effi-
ciency can vary between 0.0 and 0.57 (Wiesner 1979). Casey and Robinson (2011) tried to
eliminate this dependence by calculating the change in efficiency directly:

Δ𝜂 = −Bref
ΔCf

Cf ∞
(1.19)

This expression is nothing other than Equation (1.15), but written in a different way:

Δ𝜂 = − a + (1 − a)
a + (1 − a)Cf ,ref ∕Cf ,∞

(1 − 𝜂ref )
ΔCf

Cf ,∞
(1.20)

Hence also Bref depends on a and the authors provide a very useful correlation defining Bref as
a function of specific speed NS (Figure 1.18):

Bref = 0.05 + 0.025
(NS1 + 0.2)3 (1.21)

where NS1 is the specific speed based on the flow at reference conditions.
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Figure 1.18 Variation of parameter Bref as a function
of non-dimensional specific speed (from Casey and
Robinson 2011).
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Figure 1.19 Achievable compressor efficiency as a function of pressure ratio and mass flow.

The Mach number effect (Equation (1.12)) defines the change in maximum efficiency as a
function of pressure ratio. Combining the correction for Mach number and Reynolds number
results in a variation of the maximum achievable efficiency, as shown in Figure 1.19. This figure
is based on Equation (1.13) with a = 0.5 and n = 0.9879∕Re0.24335, with atmospheric inlet flow
conditions and, strictly speaking, valid only for a change in Reynolds number at unchanged
relative roughness ks∕DH = Cte. The following less relevant definition of the Reynolds number
is used because the impeller outlet width may not be known when estimating the maximum
efficiency at the early stage of a design,

Re =
U2 R2

𝜇

𝜌2 (1.22)

Reref is the Reynolds number corresponding to an impeller with 50 kg/s mass flow at atmo-
spheric inlet conditions and sufficiently smooth surfaces to eliminate roughness effects. The
upper curve on Figure 1.19 corresponds to such impellers. The surface roughness is assumed
to be sufficiently small as to have no influence.

The decrease in efficiency for pressure ratios above three is due to increasing transonic flow
losses in the inducer. The decrease in efficiency at a fixed pressure ratio (abscissa) is the con-
sequence of a decreasing Reynolds number with decreasing volume flow or size. The final
efficiency may be lower because not all compressors are designed at optimum specific speed
and sufficiently small relative roughness and not necessarily for maximum efficiency.

A typical variation of the compressor efficiency curves with Reynolds number is shown in
Figure 1.20. The corresponding change in the pressure rise and volume flow curve is similar
to the one resulting from a small change in RPM. At unchanged throttle setting the change in
volume flow ̇Q is defined by:

̇Q
̇Qref

=
√

ΔHi

ΔHi
ref

(1.23)

ΔHi is the enthalpy rise corresponding to the pressure riseΔP. According to Strub et al. (1987)
only half of the decrease/increase in efficiency appears as an decrease/increase in isentropic
head (ΔHi) because the change in flow also results in an opposite change (increase/decrease)
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Figure 1.20 Variation of efficiency and volume flow with
Reynolds number (from Casey 1985).
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Figure 1.21 Variation of work input and isentropic head with
efficiency.

in the work input (ΔH) as defined by the following relations, illustrated in Figure (1.21):

ΔHi

ΔHi
ref

= 0.5 + 0.5 𝜂

𝜂ref
(1.24)

ΔH
ΔHref

= 0.5 + 0.5
𝜂ref

𝜂

(1.25)

1.3 Diabatic Flows

Most compression and expansion processes are treated as adiabatic, neglecting the heat
exchange with the external world. However, large amounts of heat transfer may take place
in turbochargers and small gas turbines between the hot turbine and colder compressor,
and between the compressor impeller and an external shroud. The amount of heat exchange
depends on the temperature of the heat source and the geometry. It is largest in an overhang
layout where the compressor is next to the turbine (Figure 1.9b). In a more traditional layout
with a central bearing (Figure 1.9a) the heat transfer may be smaller and influenced by the oil
temperature.
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This heat loss in the turbine decreases the amount of available energy in the gas but
increases the polytropic efficiency because of a reduction in the reheat effect. The heat
addition in the compressor increases the shaft power needed to compress the gas because the
compression takes place at a higher temperature. The main consequence of the internal heat
transfer is a modification of the operating point of the turbocharger or gas turbine (Van den
Braembussche 2005).

A further consequence of an increase in the compressor fluid temperature is a lower gas den-
sity at the impeller outlet and hence a reduced diffusion, resulting in a lower pressure rise and a
change in the velocity triangles at the diffuser inlet. At unchanged shaft power, the compressor
pressure ratio will be lower (Gong et al. 2004). Experimental results by Rautenberg et al. (1983)
and Sirakov and Casey (2011), however, indicate that at unchanged pressure ratio more power
is needed to drive the compressor. In what follows one will neglect these changes and assume
that the velocity is unchanged along a streamline and that the friction losses can be evaluated
from the polytropic efficiency of an adiabatic compression.

The measured exit temperatures are no longer representative for the mechanical power
consumption of the compressor. They will lead to erroneous values of the efficiency if the
non-adiabatic effects are not taken into consideration. Adiabatic efficiencies have to be used
when calculating the turbocharger efficiency:

𝜂TC = 𝜂C,ad𝜂T ,ad𝜂mech (1.26)

The effect of a non-adiabatic compression or expansion is illustrated in Figure 1.22.
Heating the flow during compression has a negative effect on the efficiency because the

enthalpy dH needed for an elementary isentropic compression dP increases with temperature:

dH = dP
𝜌

= dP
P

RGT (1.27)

Cooling the flow during the expansion in a turbine has also a negative effect on the power output
because the energy dH obtained from an isentropic pressure drop dP decreases with decreasing
temperature. Neglecting the heat loss may result in an apparent efficiency in excess of 100%.

The second law of thermodynamics provides the relation for non-isentropic diabatic com-
pression (Equation (1.57)):

dH = dP
𝜌

+ T dS = dP
𝜌

+ dHfr + dq (1.28)

where dHfr is the heat produced by the internal friction losses and dq is the amount of heat per
unit mass transmitted through the walls. Distributing the losses and heat addition uniformly
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Figure 1.22 H, S diagram for (a) diabatic compression or (b) diabatic expansion.
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over the enthalpy rise

dHfr =
ΔHfr,1−2

H2 − H1
dH dq =

Δq12

H2 − H1
dH (1.29)

and substituting it into Equation (1.28) provides the following relation:(
1 −

ΔHfr,1−2

H2 − H1
−

Δq1−2

H2 − H1

)
dH = dP

𝜌

(1.30)

Using the perfect gas relation to calculate the density and expressing the enthalpy as a function
of the temperature change and constant specific heat coefficient Cp one obtains(

1 −
ΔHfr,1−2

Cp(T2 − T1)
−

Δq1−2

Cp(T2 − T1)

)
dT = 𝜅 − 1

𝜅

T dP
P

(1.31)

Integrating this relation from inlet to outlet results in

ln
T2

T1

(
1 −

ΔHfr,12 + Δq1−2

Cp(T2 − T1)

)
= 𝜅 − 1

𝜅

ln
P2

P1
(1.32)

or

T2

T1
=

P2

P1

𝜇

𝜇 =

𝜅 − 1
𝜅

1 −
ΔHfr,1−2 + Δq1−2

Cp(T2 − T1)

(1.33)

This equation is similar to the definition of the polytropic efficiency of an adiabatic compression
(Equation (1.11)). Hence

𝜂p,dia = 1 −
ΔHfr,1−2 + Δq1−2

Cp(T2 − T1)
(1.34)

which means that 𝜂p,dia decreases with positive values of Δq1−2 because any heat addition
increases both the nominator and denominator of the RHS by the same amount. Similar
equations can be derived for turbines.

The variation in compressor efficiency as a function of the adiabatic efficiency and heat flux is
shown in Figure 1.23. Δq1−2 is non-dimensionalized by the adiabatic compressor energy input
at 𝜂p = 0.7.
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Figure 1.23 Decrease in the compressor
polytropic efficiency as a function of adiabatic
efficiency for different values of the
non-dimensionalized heat flux.
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The measured diabatic outlet temperature cannot be directly used to calculate the power
absorbed by the compressor or delivered by the turbine. The heat transfer from the turbine to
the compressor (ΔQ1−2 ≠ 0) is required to correctly assess the compressor aerodynamic perfor-
mance map. The shaft power needed to drive the compressor is obtained by subtracting the heat
flux from the total energy transfer, defined from the measured inlet and outlet temperature.

Pwdia,C = ṁCp(T2,dia − T1) − ΔQ1−2 (1.35)

The change in polytropic efficiency depends on the amount of heat that is added
(Equation (1.34)). The value of ΔHfr,1−2 can be directly derived from the efficiency of an
adiabatic compression (ΔQ1−2 = 0):

ΔHfr,1−2 = (1 − 𝜂p,ad)Cp(T2,ad − T1) (1.36)

Comparing the adiabatic and diabatic efficiency allows estimation of the amount of heat trans-
fer. Cold tests are not representative for the performance under real operating conditions but
comparing the results with a hot test allows the amount of heat flux from the hot parts to the
compressor to be assessed.

Measurements by Rautenberg et al. (1983) show the impact of the heat transfer on efficiency
in a classical turbocharger geometry with a central bearing (Figure 1.24a) and in an overhang
geometry with the compressor close to the hot turbine (Figure 1.24b). Solid lines are for a given
amount of heat flux defined by

𝜖dia =
𝜂ad − 𝜂dia

𝜂ad
=

ΔQ1−2

ṁ(H2 − H1)dia
(1.37)

As the heat transfer ΔQ1−2 depends mainly on the wall temperatures and less on the com-
pressor operating conditions, it is obvious that the impact on efficiency will be largest at low
mass flows and low pressure ratios because (ṁ(H2 − H1)) is smaller.

The heat transfer inside a micro gas turbine with central bearing has been numerically eval-
uated by Verstraete et al. (2007) for a compressor with seven full and seven splitter blades
operating at atmospheric inlet conditions and a turbine inlet temperature of 1200 K. The results
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Figure 1.24 Typical heat flux number (a) for a turbocharger with central bearing and (b) for an overhang
geometry with the compressor close to the turbine (from Rautenberg et al. 1983).
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Table 1.1 Variation of the heat transfer with compressor size, conductivity, and geometry.

𝝀 = 28 W/(m.K) Gap in house 𝝀 = 50 W/(m.K) Qshroud = 0

Geo. 1 Geo. 2 Geo. 3 Geo. 2M Geo. 2 Geo. 2

2R (mm) 10 20 40 20 20 20
Pw (W) 900 3 570 14 250 3 570 3 570 3 570
ṁ (g) 5.37 21.50 86.00 21.50 21.50 21.50
ΔQ1−2 (W) 11.6 34.4 124.0 26.0 37.0 76.0
ΔQ2−4 (W) 50 140 382 56 160 134
Δ𝜂T−T (%) 1.7 0.7 0.7 3.2

for impeller diameters between 10 and 40 mm with different shapes of bearing house and con-
ductivity of the material are summarized in Table 1.1. All dimensions scale with the impeller
diameter. The compressor and turbine shroud wall temperatures are fixed at 300 and 1000 K
except for the data in the last column obtained with an adiabatic compressor shroud. The geo.
2M differs from the other by a 2-mm wide cavity in the bearing house to reduced the heat
transfer from the hot turbine side to the cooler compressor side (Figure 1.25).

The total amount of heat flux ΔQ1−2 transmitted to the compressor fluid by the impeller hub
and blades, minus the heat loss through the shroud, varies between 11.60 W for geo. 1 and
124 W for geo. 3. This is the value to be used in Equation (1.34). Only 25 W passes through
the shaft of geo. 2 when it is made of the lower conductivity material. This value increases with
the cross section (R2) and decreases with the length L, hence scales with R1. The rest of the
heat enters through the impeller hub cavity by heat transfer from the bearing wall and by disk
friction. The first one is proportional to the surface, hence scales with R2. The disk friction
losses are proportional to U3

2 R2
2. Identical pressure ratio in the three geometries requires the

same value for U2, so that this contribution to the heat transfer scales with R2. The predicted
values are in line with the experimental ones in Figure 1.24.

Figure 1.25 Temperature and heat transfer inside a compressor–hot turbine combination with the compressor
shroud wall at 300 K (from Verstraete et al. 2007).
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Only a small drop in efficiency Δ𝜂T−T is observed when imposing a 300 K wall temperature
on the shroud as a consequence of the large heat loss through that wall. Assuming an adiabatic
shroud wall for geo. 2 (the last column in Table 1.1), the total amount of heat transmitted to the
impeller is transmitted to the fluid, resulting in a much larger efficiency drop (3.2%). The thermal
insulation of the compressor shroud wall enhances the impact of the internal heat transfer on
efficiency.

A large amount of heat enters the fluid at the vaneless diffuser hub (140 W in geo. 2 and 56 W
in geo. 2M). This increases the compressor outlet temperature but has no direct impact on the
real compressor efficiency.

A more detailed split of the heat transfer in geo. 2M is shown in Figure 1.25. The imbalance
between the heating and cooling of the bearing house shown on this figure is due to the leakage
flow transporting heat from the compressor hub cavity to the turbine inlet along the air bearing.
The 217 W heat flux on the impeller and diffuser shroud is also partially due to the temperature
increase of the fluid during compression.

The impact of the wall temperature on the compressor efficiency has also been studied by
Isomura et al. (2001) and Sirakov et al. (2004).

1.4 Transformation of Energy in Radial Compressors

The main dimensions of the impeller and diffuser are defined in Figure 1.26.
The flow entering the impeller has a meridional velocity component Vm1 and in case of

preswirl also a tangential component Vu1 (Figure 1.27). These velocity components together

Figure 1.26 Definition of geometrical parameters. 4
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Figure 1.27 Velocity triangle at impeller (a) inlet and (b) outlet.
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with the peripheral speed U⃗1 define the velocity triangle at the rotor inlet. The angle convention
for the relative flow is:

• 𝛽1 > 0 is as shown in Figure 1.27a
• 𝛽2 > 0 for backward leaning blades is as shown in Figure 1.27b. This is a logical choice because

it does not require a change of sign for the relative flow angle between inlet and outlet of
backward leaning blades.

For forward leaning blades (𝛽2 < 0) an obvious position for the change of sign is where the
blade becomes radial:

V⃗1 = V⃗u1 + V⃗m1 (1.38)

The spanwise distribution of the inlet axial velocity depends on the shape of the inlet channel.
In the case of an axial inlet a uniform axial velocity can be assumed. In the case of a radial to
axial inlet section the spanwise variation will depend on the meridional curvature.

The relative velocity and flow angle vary over the blade height at the impeller inlet because of
the change in peripheral and eventually axial velocity with radius:

V⃗1 = W⃗1 + U⃗1 (1.39)

Optimum impeller performance is expected when the relative inlet velocity is nearly parallel to
the blade at the leading edge. Mass flow variation around this point is limited by the increasing
diffusion or choking losses at positive or negative incidence, respectively.

The absolute velocity at the impeller outlet is defined from the relative outlet velocity W⃗2 and
the local circumferential velocity U⃗2 (Figure 1.27b):

V⃗2 = U⃗2 + W⃗2 (1.40)

In a first approach one assumes that the outlet relative velocity (magnitude and direction) is uni-
form in the spanwise direction. The large peripheral velocity results in a large absolute velocity
and hence large kinetic energy at the diffuser inlet. This energy is then transformed into poten-
tial energy (pressure) by decelerating the flow from V⃗2 to the diffuser exit velocity V⃗3.

The fluid enters the impeller with an angular momentum

∫

RS

RH

R1Vu1dṁ (1.41)

and leaves the impeller with an angular momentum

∫

b

0
R2Vu2dṁ (1.42)

The difference results from the forces exerted by the impeller on the fluid. Assuming a spanwise
uniform flow at the exit, the equation of angular momentum results in

Mo = R2Vu2 ṁ −
∫

RS

RH

R1Vu1dṁ = ṁ(R2Vu2 − ̃R1Ṽu1) =
∫ ∫

R(Fu,PS − Fu,SS)dS (1.43)

where ̃R1 and Ṽu1 are mass averaged values at the rotor inlet. Fu,PS and Fu,SS are the tangential
force components on the suction and pressure side of the blades, respectively.

The energy per unit mass flow transmitted by the impeller along a streamline does not require
an averaging at the rotor inlet:

ΩFu
̃R

ṁ
= Pw

ṁ
= U2Vu2 − U1Vu1 = ΔH (1.44)
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This equation is valid along any streamline for isentropic and non-isentropic flows as well, as
long as the flow is adiabatic. Adiabatic must be interpreted here in a strict way, i.e. not only no
heat but also no work addition/subtraction from outside the control volume by friction on walls
that are moving relative to the rotor (i.e. the fixed shroud in open impellers) (Lyman 1993). A
model to estimate this energy dissipation is described by Sikarov et al. (2004). The torque on the
shaft contributes to the enthalpy rise of the impeller fluid but part of it is needed to overcome
the drag generated by the non-rotating shroud:

Pwshaft − ΩMofr = ṁ(U2Vu2 − Ũ1Ṽu1) (1.45)

Gong et al. (2004) consider this removal of energy from the rotor fluid as casing drag loss.
They have estimated it in the extreme case of a 4-mm diameter micro gas turbine impeller with
central bearing at 13% of the total power transmitted by the shaft. Except for the disk friction
losses on the impeller backplate this non-adiabatic energy exchange is normally neglected in
one-dimensional (1D) prediction methods. In shrouded impellers the shroud drag losses are
replaced by disk friction losses on the outer wall of the shroud.

The following relations can be derived from the Figure 1.27:

W 2
1 = V 2

1 + U2
1 − 2U1Vu1 (1.46)

W 2
2 = V 2

2 + U2
2 − 2U2Vu2 (1.47)

Substituting them in Equation (1.44) one obtains

ΔH = 1
2
(V 2

2 − V 2
1 + W 2

1 − W 2
2 + U2

2 − U2
1 ) (1.48)

This equation is different from the one derived for axial compressors by the term 1
2
(U2

2 − U2
1 )

and explains why:

• a much larger enthalpy rise can be achieved in radial compressors (U2 > U1) than in axial
ones

• the diffusion from W1 → W2 must be much larger at the shroud than at the hub to obtain the
same work input on both sides and as a consequence flow separation is more common at the
shroud than at the hub

• radial compressors can be very efficient in spite of an eventual flow separation in the impeller.
The diffusion from W1 to W2 is only part of the energy transfer in the impeller and the impact
of an inefficient deceleration of the relative flow can be minimized by the large extra work
input U2

2 − U2
1 .

The same equation can also be derived from the equations of motion and energy. Although its
derivation is more complicated, it is also worth looking at because it provides a better physical
understanding of the mechanisms of energy transfer and allows a further clarification of the
conditions of validity.

The equation of motion in non-rotating systems (absolute motion) expresses the equilib-
rium between the acceleration a⃗ and:

• the local pressure gradients ∇P
𝜌

• the gravity forces/unit mass ∇(gz)
• the friction forces/unit mass ⃗ffr

a⃗ = −∇P
𝜌

− ∇(gz) + ⃗ffr (1.49)
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whereby the acceleration is the change in velocity along a streamline, defined by:

a⃗ = DV
dt

= 𝜕V
𝜕t

+ V⃗ .∇V⃗ (1.50)

Combining Equations (1.49) and (1.50) for steady flow ( 𝜕V
𝜕t

= 0) provides the equation of motion

V⃗ .∇V⃗ = −∇P
𝜌

− ∇(gz) + ⃗ffr (1.51)

Making use of the following vector identity (Vavra 1974)

V⃗ .∇V⃗ = ∇
(

V 2

2

)
− V⃗ ∨ (∇ ∨ V⃗ ) (1.52)

it can also be written as:

V⃗ ∨ (∇ ∨ V⃗ ) = ∇P
𝜌

+ ∇V 2

2
+ ∇(gz) − ⃗ffr (1.53)

The energy equation in the absolute frame of reference is obtained by integrating the scalar
product of the equation of motion (1.51) with a displacement ds⃗ = V⃗ dt along a streamline
(energy input is force times displacement):

V⃗ .∇V⃗ ds⃗ = −∇P
𝜌

.ds⃗ + ⃗ffr.ds⃗ − ∇gz.ds⃗ (1.54)

Taking into account that in the absence of heat transfer the entropy increase along a streamline
is due only to friction,

T∇SV⃗ dt = −⃗ffr.V⃗ dt (1.55)

Equation (1.54) can be written as:(
∇V 2

2
+ ∇P

𝜌

+ T∇S + ∇(gz)
)

ds⃗ = 0 (1.56)

Considering the second law of thermodynamics, illustrated in Figure 1.28,
∇P
𝜌

+ T∇S = ∇h (1.57)

Equation (1.56) reduces to(
∇(h + V 2

2
+ gz)

)
ds⃗ = 0 (1.58)

This equation states that the total enthalpy

H = h + V 2

2
+ gz (1.59)
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Figure 1.28 Variation of pressure, enthalpy, and entropy.
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is constant along a streamline of steady adiabatic flows in the absence of body forces, with or
without losses. However, any energy addition by friction on a moving wall violates the adiabatic
condition.

Substituting Equation (1.57) into (1.53) results in

V⃗ ∨ (∇ ∨ V⃗ ) = ∇
(

h + V 2

2
+ gz

)
− T∇S − ⃗ffr (1.60)

Although in adiabatic flows the local entropy increase along a streamline is due to friction
(Equation (1.55)), this does not mean that the local entropy gradient T∇S is everywhere equal
to the local friction forces. The entropy can be different from streamline to streamline depend-
ing on the friction forces on the upstream flow path. Hence the last two terms of Equation (1.60)
do not cancel.

Isentropic (∇S = 0), hence frictionless (⃗ffr = 0), and adiabatic flows with uniform H over the
inlet section have constant H over the whole flow field according to Equation (1.59) and are
called Beltrami flows. For absolute flows Equation (1.53) then reduces to

V⃗ ∨ (∇ ∨ V⃗ ) = 0 (1.61)

This equation is satisfied if V⃗ = 0, or V⃗ is parallel to (∇ ∨ V⃗ ) or when the curl

∇ ∨ V⃗ = 0 (1.62)

The first condition corresponds to a trivial solution and the second one requests that the velocity
is parallel to its curl. Hence only Equation (1.62) is a relevant condition.

Two additional accelerations must be added to Equation (1.50) to obtain the equation of
motion for relative flows:

• one corresponding to the centrifugal force a⃗ce = ⃗Ω ∨ ( ⃗Ω ∨ ⃗R) = Ω2 ⃗R
• one corresponding to the Coriolis force aCo = 2 ( ⃗Ω ∨ W⃗ ).

Hence the acceleration is

a⃗ = DV⃗
Dt

= 𝜕W⃗
𝜕t

+ W⃗∇W⃗ + 2( ⃗Ω ∨ W⃗ ) + Ω2 ⃗R (1.63)

𝜕W⃗
𝜕t

= 0 in steady relative flows (i.e. flows in a rotor at constant RPM with no inlet or outlet
circumferential distortions other than the ones rotating with the rotor).

Combining Equations (1.49) and (1.63) results in the following equation of motion for the
steady relative flow:

W⃗ .∇W⃗ + 2( ⃗Ω ∨ W⃗ ) + Ω2 ⃗R = −∇P
𝜌

+ ⃗ffr − ∇gz (1.64)

Substituting again the vector identity Equation (1.52) but for the relative velocity W one obtains

W⃗ ∨ (∇ ∨ W⃗ ) + 2 ⃗Ω ∨ W⃗ = ∇P
𝜌

− Ω2 ⃗R + ∇W 2

2
− ⃗ffr + ∇gz (1.65)

The corresponding energy equation for relative flows is obtained by integrating
Equation (1.64) along a relative streamline starting at the impeller inlet. Considering
that ds⃗ = W⃗ .dt and everywhere perpendicular to the Coriolis force ⃗Ω ∨ W⃗ (Figure 1.29) the
integral of the second term is identical to zero:

∫1
2( ⃗Ω ∨ W⃗ )W⃗ dt ≡ 0 (1.66)
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Figure 1.29 Forces in the relative plane.

The integrated value of the centrifugal term is:

−
∫1
Ω2 ⃗RdR = −1

2
(U2 − U2

1 ) (1.67)

The other terms are unchanged so that with Equations (1.55) and (1.56), and after replacing
V by W in Equation (1.58) one obtains

h + W 2

2
− U2

2
+ gz = h1 +

W 2
1

2
−

U2
1

2
+ gz1 = Cte = Ro (1.68)

In analogy with the total enthalpy, one can commonly define rothalpy Ro for rotating systems
which, according to Equation (1.68), is constant along a streamline in an adiabatic rotating sys-
tem. One should keep in mind that the rothalpy is different from the relative total enthalpy
defined by Hr = h + W 2

2
.

As explained in more detail in Lyman (1993), Ro = Cte is valid for steady adiabatic flow (with
or without friction) along a streamline in a rotor at constant RPM, in absence of body forces.
Adiabatic must again be considered in the most strict way: “without energy transfer by friction
forces on the non-rotating walls”. Equation (1.68) is very useful to estimate local flow conditions
inside an impeller.

Considering the second law of thermodynamics Equation (1.57) and substituting constant
rothalpy into Equation (1.65) one obtains the following equation of motion, again for isentropic
and frictionless flows with constant rothalpy at the inlet (Beltrami flows):

W⃗ ∨ (∇ ∨ W⃗ + 2 ⃗Ω) = 0 (1.69)
In the case of prerotation, rothalpy relates to total enthalpy at the inlet by

Ro1 = H1 + ΩRVu1 (1.70)
Hence spanwise constant total enthalpy at the inlet corresponds to constant rothalpy only in
the case of a free vortex swirl distribution (RVu1 = Cte) .

Equation (1.69) is satisfied if W⃗ = 0, W⃗ parallel to (∇ ∨ W⃗ + 2 ⃗Ω) or when the curl

∇ ∨ W⃗ = −2 ⃗Ω (1.71)
The first condition is trivial and the second one requests that the velocity is parallel to its curl.
Hence only Equation (1.71) is relevant.

In what follows the gravity terms are neglected because they are irrelevant for gas flows. The
total enthalpy by definition being H = h + V 2, constant Ro along a streamline (Equation (1.68))
results in the following expression for the enthalpy change between the inlet and the outlet of
an impeller:

ΔH = H2 − H1 = 1
2
(V 2

2 − V 2
1 + W 2

1 − W 2
2 + U2

2 − U2
1 ) (1.72)

which is identical to Equation (1.48). For non-rotating systems (U = 0 and W = V )
Equation (1.72) reduces to H2 = H1 as specified in Equation (1.59).
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1.5 Performance Map

A performance map describes the variation of the pressure ratio, mass flow, and efficiency at
different operating conditions. The curves can be obtained by changing either:

• the speed of rotation at constant outlet pressure
• the outlet pressure at constant speed of rotation.

The latter curves are most commonly used. They are obtained by changing the resistance
(pressure drop) of the throttling mechanism (valve or turbine) at constant RPM. A typical per-
formance map is shown in Figure 1.30.

1.5.1 Theoretical Performance Curve

A simple 1D prediction method is presented in this section. We will assume here, for simplicity,
that the compressor operates without preswirl (Vu1 = 0).

The flow in an impeller with an infinite number of infinitely thin blades has an exit flow direc-
tion tangent to the blade (𝛽∞2 = 𝛽2,bl). Hence the tangential velocity components at the impeller
exit are readily defined by (Figure 1.27):

W∞
u2 = Vm2 tan 𝛽2,bl V∞

u2 = U2 − Vm2 tan 𝛽2,bl (1.73)

The total enthalpy rise for adiabatic flow without preswirl (Vu1 = 0) in such an impeller is

ΔH∞ = U2V∞
u2 = U2

2 − U2Vm2 tan 𝛽2,bl (1.74)

The meridional component of the outlet velocity (Vm2) is a function of mass flow and outlet
geometry. Starting with an estimation of 𝜌2 the outlet meridional velocity can be defined from:

ṁ = 𝜌2Vm22𝜋R2b2 (1.75)

Eliminating the dependence of ΔH and ṁ on the peripheral velocity U2 results in the following
non-dimensional work and flow coefficients:

𝜓
∞ = 2ΔH∞

U2
2

= 2
V∞

u2

U2
(1.76)

Figure 1.30 Typical centrifugal compressor
performance map (from Steglich et al. 2008). 2.4
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Figure 1.31 Theoretical impeller performance variation for an infinite
number of blades.

𝜙2 = ṁ
2𝜋R2b2𝜌2U2

=
Vm2

U2
(1.77)

The inlet meridional velocity is linked to the outlet one Vm2 by continuity. In the absence of
compressibility effects (low Mach number flow) it scales with the outlet meridional velocity. The
inlet peripheral velocity scales with the outlet peripheral velocity. When operating at different
RPM but at the same 𝜙 and 𝜓 , the inlet and outlet flow angles are conserved and hence also
the impeller incidence and diffuser inlet absolute flow angle. Neglecting further the effect of a
change in Reynolds number one can conclude that the efficiency will also be unchanged.

The non-dimensionalized parameters𝜙 and𝜓 are useful to define the performance in similar
operating points when scaling up or down the geometry or changing rotational speed. The
velocity components at the impeller inlet and outlet, corresponding to a given RPM or scale
factor, are readily obtained by multiplying 𝜓 and 𝜙, respectively, by the corresponding value of
U2

2 and U2.
Dividing all terms in Equation (1.74) by U2

2∕2, one obtains

𝜓
∞ = 2(1 − 𝜙2 tan 𝛽2,bl) (1.78)

This relation is plotted in Figure 1.31 for different values of 𝛽2,bl.
Forward leaning blades (𝛽2,bl < 0) are normally used only for ventilators in air-conditioning

systems (squirrel-cage fans). The increasing work input with increasing mass flow compensates
for the increase in friction losses in the ducts of the air conditioning system (≈ 𝜙

2). This type
of impeller is not used for high pressure ratio compressors because of stability problems.

Radial blades have lower bending stresses and allow higher RPM. They are used for very high
pressure ratio compressors and the work input is independent of volume flow.

Backward leaning blades (𝛽2,bl > 0) show a more stable operation over a large mass flow range
at nearly constant power input. They were traditionally used for industrial compressors running
at moderate RPM. However, the increased reliability of the stress predictions allows the stress
levels to be controlled and the geometry can be adapted accordingly. Backward leaning blades
are now commonly used, including in impellers running at large peripheral speeds.

1.5.2 Finite Number of Blades

Previous performance curves are for flows that are parallel to the blades, which is hypothetical
as this would require an infinite number of blades. We must correct the curves on Figure 1.31
for real flow effects to find the real enthalpy rise and what part of it is transformed into pressure.

Similar to what is called the deviation in axial compressors, the flow direction at the trailing
edge is influenced by the blade shape and viscous effects, including an eventual flow separa-
tion in the impeller. This deviation is larger in radial impellers than in axial ones because it is
enhanced by the rotationality of the flow resulting from the Coriolis forces.
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The impact of this difference in flow direction on the work input is quantified by the work
reduction factor, commonly called the slip factor:

𝜇 = ΔH
ΔH∞ (1.79)

Its value is normally obtained from empirical correlations. The following theoretical evaluation
of 𝜇 is due to Stodola (1924) and is theoretically valid only for Beltrami flows.

As will be demonstrated in Section 3.1.2, Equation (1.71) defines the suction to pressure
side velocity difference as a function of the blade curvature and impeller rotation. Assuming a
straight two-dimensional (2D) rotating channel with incompressible flow and zero blade thick-
ness the suction to pressure side velocity difference (Equation (3.18)) reduces to

WSS − WPS

hb
= 2Ω (1.80)

where hb is the distance from suction to pressure side normal to the streamlines (Figure 1.32).
Hence the velocity on the suction side WSS and pressure side WPS can be calculated as a function
of a mean velocity W̃ and the passage vortex −2Ω:

WSS = W̃ + 2Ω
hb

2
WPS = W̃ − 2Ω

hb

2
(1.81)

This passage vortex is at the origin of the slip factor. Stodola (1924) assumed that ΔWu2 is
equal to the mean value of the tangential velocity component created by the passage vortex in
the trailing edge plane (Figure 1.32). Hence

ΔW̃u2 = 2Ω
hb

2
× 0.5 (1.82)

The impact of this change in tangential velocity (Figure 1.33) on the work input or enthalpy rise
is calculated from the Euler momentum equation:

𝜇 = 1 −
ΔVu2

V∞
u2

= 1 −
ΔWu2

V∞
u2

(1.83)

where ΔVu2 = V∞
u2 − Vu2 and ΔWu2 = Wu2 − W∞

u2.
This definition of the slip factor is common in German literature (Minderleistungsfaktor) and

in what follows it is called the work reduction factor.
Another parameter that characterizes the impact of the vorticity on the outlet flow relates

the change in tangential velocity to the peripheral velocity:

𝜎 = 1 −
ΔVu2

U2
= 1 −

ΔWu2

U2
(1.84)

Figure 1.32 Variation of the velocity from suction to pressure
side in a straight rotating channel.
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Figure 1.33 Impeller exit velocity triangles with and without
slip.

This definition is common in American literature (Wiesner 1967) and in what follows is called
the slip factor. Both definitions are identical for compressors with radial ending blades when
V∞

u2 = U2.
The channel height at the impeller exit hb can be approximated by

hb =
2𝜋R2 cos 𝛽2,bl

Zr
(1.85)

where Zr is the number of rotor blades, so that (Figure 1.33)

ΔWu2 =
U2𝜋 cos 𝛽2,bl

Zr
(1.86)

From the definition of 𝜓∞ (Equation (1.76)) one has

V∞
u2 =

𝜓
∞U2

2
(1.87)

After substituting Equations (1.86) and (1.87) into Equation (1.83) one obtains the following
expression for the work reduction factor:

𝜇 = 1 −
2𝜋 cos 𝛽2

Zr𝜓
∞ (1.88)

which relates the hypothetical work coefficient, corresponding to an infinite number of blades
𝜓

∞, to 𝜓 , the real work input taking into account the limited number of blades.
𝜇 is independent of 𝜙 and the work reduction

Δ𝜓
𝜇
= 𝜓

∞(𝜇 − 1) =
−2𝜋 cos 𝛽2

Zr
(1.89)

is independent of the flow coefficients. The work reduction Δ𝜓
𝜇

is not a loss but quantifies an
amount of energy that is not added to the fluid. The corresponding shift of the performance
curve is shown in Figure 1.34.

The power to drive the compressor is given by

Pw = ΔH ṁ = 𝜓𝜙2 𝜋R2b2𝜌2U3
2 (1.90)

1.5.3 Real Performance Curve

The real performance curve for a finite number of blades differs from the one described previ-
ously because of a decrease in pressure rise due to losses, as there are friction losses, incidence
losses, etc.

Friction losses are proportional to W 2, or Δ𝜓fr ≈ Cfr𝜙
2 where Cfr is a friction loss coefficient

depending on the geometry, Reynolds number, etc.


