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Preface 

I will be happy with this preface if three important points come through clearly: 

1. The beauty and variety of linear algebra, and its extreme usefulness 

2. The goals of this book, and the new features in this Fourth Edition 

3. The steady support from our linear algebra websites and the video lectures 

May I begin with notes about two websites that are constantly used, and the new one. 

ocw.mit.edu Messages come from thousands of students and faculty about linear algebra 
on this OpenCourseWare site. The 18.06 course includes video lectures of a complete 
semester of classes. Those lectures offer an independent review of the whole subject based 
on this textbook-the professor's time stays free and the student's time can be 3 a.m. 
(The reader doesn't have to be in a class at all.) A million viewers around the world have 
seen these videos (amazing). I hope you find them helpful. 

web.mit.edu/18.06 This site has homeworks and exams (with solutions) for the current 
course as it is taught, and as far back as 1996. There are also review questions, Java demos, 
Teaching Codes, and short essays (and the video lectures). My goal is to make this book 
as useful as possible, with all the course material we can provide. 

math.mit.edu/linearalgebra The newest website is devoted specifically to this Fourth Edi
tion. It will be a permanent record of ideas and codes and good problems and solutions. 
Sevetal sections of the book are directly available online, plus notes on teaching linear 
algebra. The content is growing quickly and contributions are welcome from everyone. 

The Fourth Edition 

Thousands of readers know earlier editions of Introduction to Linear Algebra. The new 
cover shows the Four Fundamental SUbspaces-the row space and nullspace are on 
the left side, the column space and the nullspace of AT are on the right. It is not usual 
to put the central ideas of the subject on display like this! You will meet those four spaces 
in Chapter 3, and you will understand why that picture is so central to linear algebra. 

Those were named the Four Fundamental Subspaces in my first book, and they start 
from a matrix A. Each row of A is a vector in n-dimensional space. When the matrix 

v 
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vi Preface 

has m rows, each column is a vector in m-dimensional space. The crucial operation in 
linear algebra is taking linear combinations of vectors. (That idea starts on page 1 of the 
book and never stops.) When we take all linear combinations of the column vectors, we get 
the column space. If this space includes the vector b, we can solve the equation Ax = b. 

I have to stop here or you won't read the book. May I call special attention to the new 
Section 1.3 in which these ideas come early-with two specific examples. You are not 
expected to catch every detail of vector spaces in one day! But you will see the first matrices 
in the book, and a picture of their column spaces, and even an inverse matrix. You will be 
learning the language of linear algebra in the best and most efficient way: by using it. 

Every section of the basic course now ends with Challenge Problems. They follow a 
large collection of review problems, which ask you to use the ideas in that section--the 
dimension of the column space, a basis for that space, the rank and inverse and determinant 
and eigenvalues of A. Many problems look for computations by hand on a small matrix, 
and they have been highly praised. The new Challenge Problems go a step further, and 
sometimes they go deeper. Let me give four examples: 

Section 2.1: Which row exchanges of a Sudoku matrix produce another Sudoku matrix? 

Section 2.4: From the shapes of A, B, C, is it faster to compute AB times C or A times BC? 

Background: The great fact about mUltiplying matrices is that AB times C gives the same 
answer as A times B C. This simple statement is the reason behind the rule for matrix 
multiplication. If AB is square and C is a vector, it's faster to do BC first. Then multiply 
by A to produce ABC. The question asks about other shapes of A, B, and C. 

Section 3.4: If Ax = band Cx = b have the same solutions for every b, is A = C? 

Section 4.1: What conditions on the four vectors r, n, c, .e allow them to be bases for 
the row space, the nullspace, the column space, and the left nullspace of a 2 by 2 matrix? 

The Start of the Course 

The equation Ax = b uses the language of linear combinations right away. The vector 
Ax is a combination of the columns of A. The equation is asking for a combination that 
produces b. The solution vector x comes at three levels and all are important: 

1. Direct solution to find x by forward elimination and back substitution. 

2. Matrix solution using the inverse of A: x = A-1b (if A has an inverse). 

3. Vector space solution x = y + z as shown on the cover of the book: 

Particular solution (to Ay = b) plus nullspace solution (to Az = 0) 

Direct elimination is the most frequently used algorithm in scientific computing, and the 
idea is not hard. Simplify the matrix A so it becomes triangular-then all solutions come 
quickly. I don't spend forever on practicing elimination, it will get learned. 

The speed of every new supercomputer is tested on Ax = b: it's pure linear algebra. 
IBM and Los Alamos announced a new world record of 1015 operations per second in 2008. 
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Preface vii 

That petajlop speed was reached by solving many equations in parallel. High performance 
computers avoid operating on single numbers, they feed on whole submatrices. 

The processors in the Roadrunner are based on the Cell Engine in PlayStation 3. 
What can I say, video games are now the largest market for the fastest computations. 

Even a supercomputer doesn't want the inverse matrix: too slow. Inverses give the sim
plest formula x = A-I b but not the top speed. And everyone must know that determinants 
are even slower-there is no way a linear algebra course should begin with formulas for 
the determinant of an n by n matrix. Those formulas have a place, but not first place. 

Structure of the Textbook 

Already in this preface, you can see the style of the book and its goal. That goal is serious, 
to explain this beautiful and useful part of mathematics. You will see how the applications 
of linear algebra reinforce the key ideas. I hope every teacher willieam something new; 
familiar ideas can be seen in a new way. The book moves gradually and steadily from 
numbers to vectors to subspaces--each level comes naturally and everyone can get it. 

Here are ten points about the organization of this book: 

1. Chapter 1 starts with vectors and dot products. If the class has met them before, 
focus quickly on linear combinations. The new Section 1.3 provides three indepen
dent vectors whose combinations fill all of 3-dimensional space, and three depen
dent vectors in a plane. Those two examples are the beginning of linear algebra. 

2. Chapter 2 shows the row picture and the column picture of Ax = b. The heart of 
linear algebra is in that connection between the rows of A and the columns: the 
same numbers but very different pictures. Then begins the algebra of matrices: an 
elimination matrix E multiplies A to produce a zero. The goal here is to capture 
the whole process-start with A and end with an upper triangular U. 

Elimination is seen in the beautiful form A = L U. The lower triangular L holds 
all the forward elimination steps, and U is the matrix for back substitution. 

3. Chapter 3 is linear algebra at the best level: subspaces. The column space contains 
aIlline~r combinations of the columns. The crucial question is: How many of those 
columns are needed? The answer tells us the dimension of the column space, and 
the key information about A. We reach the Fundamental Theorem of Linear Algebra. 

4. Chapter 4 has m equations and only n unknowns. It is almost sure that Ax = b has 
no solution. We cannot throw out equations that are close but not perfectly exact. 
When we solve by least squares, the key will be the matrix AT A. This wonderful 
matrix AT A appears everywhere in applied mathematics, when A is rectangular. 

5. Determinants in Chapter 5 give formulas for all that has come before-inverses, 
pivots, volumes in n-dimensional space, and more. We don't need those formulas to 
compute! They slow us down. But det A = 0 tells when a matrix is singular, and 
that test is the key to eigenvalues. 
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viii Preface 

6. Section 6.1 introduces eigenvalues for 2 by 2 matrices. Many courses want to see 
eigenvalues early. It is completely reasonable to come here directly from Chapter 3, 
because the determinant is easy for a 2 by 2 matrix. The key equation is Ax = AX. 

Eigenvalues and eigenvectors are an astonishing way to understand a square matrix. 
They are not for Ax = b, they are for dynamic equations like du/ dt = Au. 
The idea is always the same: follow the eigenvectors. In those special directions, 
A acts like a single number (the eigenvalue A) and the problem is one-dimensional. 

Chapter 6 is full of applications. One highlight is diagonalizing a symmetric matrix. 
Another highlight-not so well known but more important every day-is the 
diagonalization of any matrix. This needs two sets of eigenvectors, not one, and 
they come (of course!) from AT A and AAT. This Singular Value Decomposition 
often marks the end of the basic course and the start of a second course. 

7. Chapter 7 explains the linear transformation approach-it is linear algebra without 
coordinates, the ideas without computations. Chapter 9 is the opposite-all about 
how Ax = b and Ax = AX are really solved. Then Chapter 10 moves from real 
numbers and vectors to complex vectors and matrices. The Fourier matrix F is the 
most important complex matrix we will ever see. And the Fast Fourier Transform 
(multiplying quickly by F and F-1) is a revolutionary algorithm. 

8. Chapter 8 is full of applications, more than any single course could need: 

8.1 Matrices in Engineering-differential equations replaced by matrix equations 

8.2 Graphs and Networks-leading to the edge-node matrix for Kirchhoff's Laws 

8.3 Markov Matrices-as in Google's PageRank algorithm 

8.4 Linear Programming-a new requirement x > ° and minimization of the cost 

8.5 Fourier Series-linear algebra for functions and digital signal processing 

8.6 Matrices in Statistics and Probability-Ax = b is weighted by average errors 

8.7 Computer Graphics-matrices move and rotate and compress images. 

9. Every section in the basic course ends with a Review of the Key Ideas. 

10. How should computing be included in a linear algebra course? It can open a new 
understanding of matrices-every class will find a balance. I chose the language of 
MATLAB as a direct way to describe linear algebra: eig(ones(4)) will produce the 
eigenvalues 4, 0, 0, ° of the 4 by 4 all-ones matrix. Go to netlib.orgfor codes. 

You can freely choose a different system. More and more software is open source. 

The new website math.mit.edullinearalgebra provides further ideas about teaching and 
learning. Please contribute! Good problems are welcome by email: gs@math.mit.edu. 
Send new applications too, linear algebra is an incredibly useful subject. 
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Preface ix 

The Variety of Linear Algebra 

Calculus is mostly about one special operation (the derivative) and its inverse (the integral). 
Of course I admit that calculus could be important .... But so many applications of math
ematics are discrete rather than continuous, digital rather than analog. The century of data 
has begun! You will find a light-hearted essay called "Too Much Calculus" on my website. 
The truth is that vectors and matrices have become the language to know. 

Part of that language is the wonderful variety of matrices. Let me give three examples: 

Symmetric matrix Orthogonal matrix Triangular matrix 

2 -1 0 0 1 1 1 1 1 1 1 1 
-1 2 -1 0 1 1 -1 1 -1 0 1 1 1 

0 -1 2 -1 2 1 1 -1 -1 0 0 1 1 
0 0 -1 2 1 -1 -1 1 0 0 0 1 

A key goal is learning to "read" a matrix. You need to see the meaning in the numbers. 
This is really the essence of mathematics-patterns and their meaning. 

May I end with this thought for professors. You might feel that the direction is right, 
and wonder if your students are ready. Just give them a chance! Literally thousands of 
students have written to me, frequently with suggestions and surprisingly often with thanks. 
They know this course has a purpose, because the professor and the book are on their side. 
Linear algebra is a fantastic subject, enjoy it. 

Help With This Book 

I can't even name all the friends who helped me, beyond thanking Brett Coonley at MIT 
and Valutone in Mumbai and SIAM in Philadelphia for years of constant and dedicated 
support. The greatest encouragement of all is the feeling that you are doing something 
worthwhile with your life. Hundreds of generous readers have sent ideas and examples and 
corrections (and favorite matrices!) that appear in this book. Thank you all. 

Background of the Author 

This is my eighth textbook on linear algebra, and I have not written about myself before. 
I hesitate to do it now. It is the mathematics that is important, and the reader. The next 
paragraphs add something personal as a way to say that textbooks are written by people. 

I was born in Chicago and went to school in Washington and Cincinnati and St. Louis. 
My college was MIT (and my linear algebra course was extremely abstract). After that 
came Oxford and UCLA, then back to MIT for a very long time. I don't know how many 
thousands of students have taken 18.06 (more than a million when you include the videos 
on ocw.mit.edu). The time for a fresh approach was right, because this fantastic subject 
was only revealed to math majors-we needed to open linear algebra to the world. 

Those years of teaching led to the Haimo Prize from the Mathematical Association of 
America. For encouraging education worldwide, the International Congress of Industrial 
and Applied Mathematics awarded me the first Su Buchin Prize. I am extremely grateful, 
more than I could possibly say. What I hope most is that you will like linear algebra. 
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Chapter 1 

Introduction to Vectors 

The heart of linear algebra is in two operations-both with vectors. We add vectors to get 
v + w. We multiply them by numbers c and d to get cv and d w. Combining those two 
operations (adding cv to d w) gives the linear combination cv + d w. 

Linear combination. cv + dw = c [ ~ ] + d [ ; ] = [ ~!;~ ] 
Example v + w = [ ~ ] + [ ; ] = [ ! ] is the combination with c = d = 1 

Linear combinations are all-important in this subject! Sometimes we want one partic
ular combination, the specific choice c = 2 and d = 1 that produces cv + dw = (4,5). 
Other times we want all the combinations of v and w (coming from all c and d). 

The vectors cv lie along a line. When w is not on that line, the combinations cv + d w 
fill the whole two-dimensional plane. (I have to say "two-dimensional" because linear 
algebra allows higher-dimensional planes.) Starting from four vectors u, v, w,z in four
dimensional space, their combinations cu + dv + ew + Jz are likely to fill the space
but not always. The vectors"and their combinations could even lie on one line. 

Chapter 1 explains these central ideas, on which everything builds. We start with two
dimensional vectors and three-dimensional vectors, which are reasonable to draw. Then 
we move into higher dimensions. The really impressive feature of linear algebra is how 
smoothly it takes that step into n-dimensional space. Your mental picture stays completely 
correct, even if drawing a ten-dimensional vector is impossible. 

This is where the book is going (into n-dimensional space). The first steps are the 
operations in Sections 1.1 and 1.2. Then Section 1.3 outlines three fundamental ideas. 

1.1 Vector addition v + wand linear combinations cv + d w. 

1.2 The dot product v • w of two vectors and the length II v II = ~. 
1.3 Matrices A, linear equations Ax = b, solutions x = A -I b. 

1 
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2 Chapter 1. Introduction to Vectors 

1.1 Vectors and Linear Combinations 

"You can't add apples and oranges." In a strange way, this is the reason for vectors. 
We have two separate numbers VI and V2. That pair produces a two-dimensional vector v: 

Column vector 
VI = first component 
V2 = second component 

We write v as a column, not as a row. The main point so far is to have a single letter v 
(in boldface italic) for this pair of numbers VI and V2 (in lightface italic). 

Even if we don't add V 1 to V2, we do add vectors. The first components of v and w stay 
separate from the second components: 

VECTOR 
ADDITION v = [ ~~] and w = [ :~ ] add to v + w = [ VI ++ WI ]. 

V2 W2 

You see the reason. We want to add apples to apples. Subtraction of vectors follows the 
same idea: The components of v - ware VI - WI and V2 - W2. 

The other basic operation is scalar multiplication. Vectors can be multiplied by 2 or by 
-1 or by any number c. There are two ways to double a vector. One way is to add v + v. 
The other way (the usual way) is to multiply each component by 2: 

SCALAR 
MULTIPLICATION 

and - v = [ -VI ]. 
-V2 

The components of cv are CVI and CV2. The number c is called a "scalar". 
, 

Notice that the sum of -v and v is the zero vector. This is 0, which is not the same as 
the number zero! The vector 0 has components 0 and O. Forgive me for hammering away 
at the difference between a vector and its components. Linear algebra is built on these 
operations v + wand cv-adding vectors and multiplying by scalars. 

The order of addition makes no difference: v + w equals w + v. Check that by algebra: 
The first component is VI + WI which equals WI + VI. Check also by an example: 
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1.1. Vectors and Linear Combinations 3 

Linear Combinations 

Combining addition with scalar multiplication, we now form "linear combinations" of v 
and w. Multiply v by c and multiply w by d; then add cv + d w. 

DEFINITION Thesumo!cv anddw isa linear combinationolvll11,dlih 

Four special linear combinations are: sum, difference, zero, and a scalar multiple cv: 

Iv + lw 
Iv-lw 
Ov+Ow 
cv+Ow 

sum of vectors in Figure 1.1 a 
difference of vectors in Figure 1.1 b 
zero vector 
vector cv in the direction of v 

The zero vector is always a possible combination (its coefficients are zero). Every time we 
see a "space" of vectors, that zero vector will be included. This big view, taking all the 
combinations of v and w, is linear algebra at work. 

The figures show how you can visualize vectors. For algebra, we just need the com
ponents (like 4 and 2). That vector v is represented by an arrow. The arrow goes VI = 4 
units to the right and V2 = 2 units up. It ends at the point whose x, y coordinates are 4,2. 
This point is another representation of the vector-so we have three ways to describe v: 

RepresentvectoJ." v Two numbers Arrow from (0,0) . Point in the plane 

We add using the numbers. We visualize v + w using arrows: 
Vector addition (head to tail) At the end of v, place the start of w. 

Figure l.1: Vector addition v + w = (3, 4) produces the diagonal of a parallelogram. 
The linear combination on the right is v - w = (5, 0). 

We travel along v and then along w. Or we take the diagonal shortcut along v + w. We 
could also go along wand then v. In other words, w + v gives the same answer as v + w. 
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4 Chapter 1. Introduction to Vectors 

These are different ways along the parallelogram (in this example it is a rectangle). The 
sum is the diagonal vector v + w. 

The zero vector 0 = (0,0) is too short to draw a decent arrow, but you know that 
v + 0 = v. For 2v we double the length of the arrow. We reverse w to get -w. This 
reversing gives the subtraction on the right side of Figure 1.1. 

Vectors in Three Dimensions 

A vector with two components corresponds to a point in the x y plane. The components of v 
are the coordinates of the point: x = v land y = V2. The arrow ends at this point (v 1 , V2), 

when it starts from (0,0). Now we allow vectors to have three components (Vl' V2, V3). 

The xy plane is replaced by three-dimensional space. Here are typical vectors (still 
column vectors but with three components): 

v= UJ and w= m and v+w= m . 
The vector v corresponds to an arrow in 3-space. Usually the arrow starts at the "origin", 
where the xyz axes meet and the coordinates are (0,0,0). The arrow ends at the point 
with coordinates Vl, V2, V3. There is a perfect match between the column vector and the 
arrow from the origin and the point where the arrow ends. 

z 

2 (3,2) -UJ 
y 

y 

x 

x UJ 
", 3 

Figure 1.2: Vectors [~ ] and [~J correspond to points (x, y) and (x, y, z) . 

..... .... [ .....•.. ··.· .......•. 1., .. ' .... ·.· .. ] .. · .. ·, 
. ".,' ,- - .. ' 

v,=. t 
. ,:....1 
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1.1. Vectors and Linear Combinations 5 

The reason for the row form (in parentheses) is to save space. But v = (1,1, -1) is 
not a row vector! It is in actuality a column vector, just temporarily lying down. The row 
vector [1 1 -1] is absolutely different, even though it has the same three components. 
That row vector is the "transpose" of the column v. 

In three dimensions, v + w is still found a component at a time. The sum has 
components VI + WI and V2 + W2 and V3 + W3. You see how to add vectors in 4 or 5 
or n dimensions. When w starts at the end of v, the third side is v + w. The other way 
around the parallelogram is w + v. Question: Do the four sides all lie in the same plane? 
Yes. And the sum v + w - v - w goes completely around to produce the vector. 

A typical linear combination of three vectors in three dimensions is u + 4v - 2 w: 

Linear combination 
Multiply by 1,4, -2 
Then add 

The Important Questions 

For one vector u, the only linear combinations are the multiples cu. For two vectors, 
the combinations are cu + dv. For three vectors, the combinations are cu + dv + ew. 
Will you take the big step from one combination to all combinations? Every c and d and e 
are allowed. Suppose the vectors u, v, ware in three-dimensional space: 

1. What is the picture of all combinations cu? 

2. What is the picture of all combinations c u + d v? 

3. What is the picture of all combinations cu + dv + ew? 

The answers depend on the particular vectors u, v, and w. If they were zero vectors (a very 
extreme case), then every combination would be zero. If they are typical nonzero vectors 
(components chosen at random), here are the three answers. This is the key to our subject: 

1. The combinations cu fill a line. 

2. The combinations cu +dv fill a plane. 

3. The combinations cu + dv + ew fill three-dimensional space. 

The zero vector (0,0,0) is on the line because c can be zero. It is on the plane because c 
and d can be zero. The line of vectors cu is infinitely long (forward and backward). It is the 
plane of all cu + dv (combining two vectors in three-dimensional space) that I especially 
ask you to think about. 

Adding all cu on one line to all d von the other line fills in the plane in Figure 1.3. 

When we include a third vector w, the multiples ew give a third line. Suppose that third 
line is not in the plane of u and v. Then combining all ew with all cu + dv fills up the 
whole three-dimensional space. 
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Line containing all c u 

(a) 

Chapter 1. Introduction to Vectors 

Plane from 
alIcu+dv 

Figure 1.3: (a) Line through u. (b) The plane containing the lines through u and v. 

This is the typical situation! Line, then plane, then space. But other possibilities exist. 
When w happens to be cu + d v, the third vector is in the plane of the first two. The 
combinations of u, v, w will not go outside that uv plane. We do not get the full three
dimensional space. Please think about the special cases in Problem 1. 

• REVIEW OF THE KEY IDEAS • 

1. A vector v in two-dimensional space has two components VI and V2. 

2. v + w = (VI + WI, V2 + W2) and cv = (CVl, CV2) are found a component at a time. 

3. A linear combination of three vectors u and v and w is c u + d v + ew. 

4. Take all linear combinations of u, or u and v, or u, v, w. In three dimensions, 
those combinations typically fill a line, then a plane, and the whole space R3. 

• WORKED EXAMPLES • 

1.1 A The linear combinations of v = (1, 1,0) and w = (0, 1, I) fill a plane. Describe 
that plane. Find a vector that is not a combination of v and w. 

Solution The combinations cv + d w fill a plane in R 3 • The vectors in that plane allow 
any c and d. The plane of Figure 1.3 fills in between the "u-line" and the "v-line". 

Combinations cv + dw = c U ] + d [ n = [ c ~ d ] fill a plane. 

Four particular vectors in that plane are (0,0,0) and (2,3, 1) and (5,7,2) and 
(Jr, 2Jl', Jr). The second component C + d is always the sum of the first and third com
ponents. The vector (1,2,3) is not in the plane, because 2 f:. 1 + 3. 
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Another description of this plane through (0,0,0) is to know that n (I, -I, 1) is 
perpendicular to the plane. Section 1.2 will confirm that 90° angle by testing dot products: 
v . n = 0 and w . n = O. 

1.1 B For v = (1,0) and w = (0,1), describe all points cv with (1) whole numbers c 
(2) nonnegative c > O. Then add all vectors d wand describe all cv + d w. 

Solution 

(1) The vectors cv = (c,O) with whole numbers c are equally spaced points along the 
x axis (the direction of v). They include (-2,0), (-1,0), (0,0), (1,0), (2,0). 

(2) The vectors cv with c > 0 fill a half-line. It is the positive x axis. This half-line 
starts at (0,0) where c = O. It includes (rr,O) but not (-rr, 0). 

(1') Adding all vectors d w = (0, d) puts a vertical line through those points cv. We 
have infinitely many parallel lines from (whole number c, any number d). 

(2') Adding all vectors d w puts a vertical line through every cv on the half-line. Now 
we have a half-plane. It is the right half of the xy plane (any x > 0, any height y). 

1.1 C Find two equations for the unknowns c and d so that the linear combination 
cv + dw equals the vector b: 

Solution In applying mathematics, many problems have two parts: 

1 Modeling part Express the problem by a set of equations. 

2 Computational part Solve those equations by a fast and accurate algorithm. 

Here we are only asked for the first part (the equations). Chapter 2 is devoted to the second 
part (the algorithm). Our example fits into a fundamental model for linear algebra: 

Find CI, ... ,Cn sothat CIVI +",+cnvn =b. , 

For n = 2 we could find a formula for the c's. The "elimination method" in Chapter 2 
succeeds far beyond n = 100. For n greater than I million, see Chapter 9. Here n = 2: 

Vector equation 

The required equations for c and d just come from the two components separately: 

Two scalar equations 
2c - d = I 

-c + 2d = 0 

2 I 
You could think of those as two lines that cross at the solution c = 3' d = 3' 
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Problem Set 1.1 

Problems 1-9 are about addition of vectors and linear combinations. 

1 Describe geometrically (line, plane, or all of R 3) all linear combinations of 

2 Draw v = [ ~ ] and W = [ -~ ] and v+W and v-w in a single xy plane. 

3 If v + w = [ ~ ] and v - w = [ ; ], compute and draw v and w. 

4 From v = [ i ] and W = [ ; ], find the components of 3v + wand cv + d w. 

5 Compute u + v + wand 2u + 2v + w. How do you know u, v, w lie in a plane? 

In a plane 

6 Every combination of v = (1, -2, 1) and w = (0, 1, -1) has components that add 
to . Find c and d so that cv + dw = (3,3, -6). 

7 In the x y plane mark all nine of these linear combinations: 

c [i] + d [~] with c = 0, 1,2 and d = 0, 1,2. 

8 The parallelogram in Figure 1.1 has diagonal v + w. What is its other diagonal? 
What is the sum of the two diagonals? Draw that vector sum. 

, 
9 If three comers of a parallelogram are (1, 1), (4,2), and (1,3), what are all three of 

the possible fourth comers? Draw two of them. 

Problems 10-14 are about special vectors on cubes and clocks in Figure 1.4. 

10 Which point of the cube is i + j? Which point is the vector sum of i = (1, 0, 0) 
and j = (0,1,0) and k = (0,0, I)? Describe all points (x, y, z) in the cube. 

11 Four comers of the cube are (0,0,0), (1,0,0), (0, 1,0), (0,0,1). What are the other 
four comers? Find the coordinates of the center point of the cube. The center points 
of the six faces are __ 

12 How many comers does a cube have in 4 dimensions? How many 3D faces? 
How many edges? A typical comer is (0,0, 1,0). A typical edge goes to (0, 1,0,0). 
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k=(O,O,I) j+k 
- - - .. 

I I 

~--+-Ij = (0, 1,0) 

I I 

- .. 
i = (1,0,0) 

Notice the illusion 
Is (0,0,0) a top or 
a bottom comer? 

Figure 1.4: Unit cube from i,j, k and twelve clock vectors. 

9 

13 (a) What is the sum V of the twelve vectors that go from the center of a clock to 
the hours 1 :00,2:00, ... , 12:00? 

(b) If the 2:00 vector is removed, why do the 11 remaining vectors add to 8:00? 

(c) What are the components of that 2:00 vector v = (cos e, sin 8)? 

14 Suppose the twelve vectors start from 6:00 at the bottom instead of (0,0) at the 
center. The vector to 12:00 is doubled to (0,2). Add the new twelve vectors. 

Problems 15-19 go further with linear combinations of v and w (Figure 1.5a). 

15 Figure 1.5a shows ~v + ~w. Mark the points *v + ~w and ~v + ~w and v + w. 

16 Mark the point -v + 2w and any other combination cv + dw with c + d = 1. 
Draw the line of all combinations that have e + d = 1. 

17 Locate ~v + ~w and ~v + ~w. The combinations cv + ew fill out what line? 

18 Restricted by 0 < C < 1 and 0 < d < 1, shade in all combinations cv + d w. 

19 Restricted only by c > 0 and d > 0 draw the "cone" of all combinations cv + d w. 

w w u 

v v 

(a) (b) 

Figure 1.5: Problems 15-19 in a plane Problems 20-25 in 3-dimensional space 
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10 Chapter 1. Introduction to Vectors 

Problems 20-25 deal with u, v, w in three-dimensional space (see Figure 1.5b). 

20 Locate iu + ~v + ~w and ~u + ~w in Figure 1.5b. Challenge problem: Under 
what restrictions on e, d, e, will the combinations eu + dv + ew fill in the dashed 
triangle? To stay in the triangle, one requirement is e > 0, d > 0, e > 0. 

21 The three sides of the dashed triangle are v - u and w - v and u - w. Their sum is 
__ . Draw the head-to-tail addition around a plane triangle of (3, I) plus (-1, 1) 
plus (-2, -2). 

22 Shade in the pyramid of combinations eu + dv + ew with e > 0, d > 0, e > ° and 
e + d + e < 1. Mark the vector ~ (u + v + w) as inside or outside this pyramid. 

23 If you look at all combinations of those u, v, and w, is there any vector that can't be 
produced from eu + dv + ew? Different answer if u, v, ware all in __ 

24 Which vectors are combinations of u and v, and also combinations of v and w? 

25 Draw vectors u, v, w so that their combinations eu + dv + ew fill only a line. 
Find vectors u, v, w so that their combinations eu + dv + ew fill only a plane. 

26 What combination e [~] + d [i] produces [I:]? Express this question as two 

equations for the coefficients e and d in the linear combination. 

27 Review Question. In xyz space, where is the plane of all linear combinations of 
i = (1,0,0) and i + j = (1, 1,0)? 

Challenge Problems 

28 Find vectors v and w so that v + w = (4,5,6) and v - w = (2,5,8). This is a 
question with unknown numbers, and an equal number of equations to find 
those numbers. 

29 Find two different combinations of the three vectors u = (1,3) and v = (2, 7) and 
w = (1,5) that produce b = (0,1). Slightly delicate question: If I take any three 
vectors u, v, w in the plane, will there always be two different combinations that 
produce b = (0, I)? 

30 The linear combinations of v = (a, b) and w = (e, d) fill the plane unless __ 
Find four vectors u, v, w, z with four components each so that their combinations 
eu + dv + ew + Jz produce all vectors (b I , b2 , b3 , b4 ) in four-dimensional space. 

31 Write down three equations for e, d, e so that eu + d v + ew = b. Can you somehow 
find e, d, and e? 
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1.2 Lengths and Dot Products 

The first section backed off from multiplying vectors. Now we go forward to define the 
"dot product" of v and w. This multiplication involves the separate products VI WI and 
V2W2, but it doesn't stop there. Those two numbers are added to produce the single number 
V· w. This is the geometry section (lengths and angles). 

DEFINll1QN 'I'h.ydotprod~lct ()f inner ]1Toduct of 1) 

is the number.'V·· til: 

Example 1 The vectors v = (4,2) and w = (-1,2) have a zero dot product: 

Dot product is zero 
Perpendicular vectors [ i] . [-;] = -4 + 4 = O. 

(1) 

In mathematics, zero is always a special number. For dot products, it means that these 
two vectors are perpendicular. The angle between them is 90°. When we drew them 
in Figure 1.1, we saw a rectangle (not just any parallelogram). The clearest example of 
perpendicular vectors is i = (1,0) along the x axis and j = (0, 1) up the y axis. Again 
the dot product is i . j = 0 + 0 = O. Those vectors i and j form a right angle. 

The dot product of v = (1,2) and w = (3,1) is 5. Soon v . w will reveal the angle 
between v and w (not 90°). Please check that w . v is also 5. 

The dot product w . v equals v . w. The order of v and w makes no difference. 

Example 2 Put a weight of 4 at the point x = -1 (left of zero) and a weight of 2 at the 
point x = 2 (right of zero). The x axis will balance on the center point (like a see-saw). 
The weights balance because the dot product is (4)(-1) + (2)(2) = O. 

This example is typical of engineering and science. The vector of weights is (WI, W2) = 
(4,2). The vector of distances from the center is (VI, V2) = (-1,2). The weights times the 
distances, WI VI and W2V2, give the "moments". The equation for the see-saw to balance is 
WIVI + W2V2 = O. 

Example 3 Dot products enter in economics and business. We have three goods to buy 
and sell. Their prices are (PI, P2, P3) for each unit-this is the "price vector" p. The 
quantities we buy or sell are (ql, q2, q3)-positive when we sell, negative when we buy. 
Selling qi units at the price PI brings in qi Pl. The total income (quantities q times prices 
p) is the dot product q . p in three dimensions: 

A zero dot product means that "the books balance". Total sales equal total purchases if 
q • P = O. Then p is perpendicular to q (in three-dimensional space). A supermarket with 
thousands of goods goes quickly into high dimensions. 
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12 Chapter 1. Introduction to Vectors 

Small note: Spreadsheets have become essential in management. They compute linear 
combinations and dot products. What you see on the screen is a matrix. 

Main point To compute v . w, multiply each Vi times Wi. Then add 1: Vi Wi. 

Lengths and Unit Vectors 

An important case is the dot product of a vector with itself. In this case v equals w. 
When the vector is v = (1,2,3), the dot product with itself is v· v = Ilvf = 14: 

Dot product v . v 
Length squared IIvf = m . m = 1 + 4+ 9 = 14 

Instead of a 900 angle between vectors we have 00
• The answer is not zero because v is not 

perpendicular to itself. The dot product v • v gives the length of v squared. 

length = Ilvll =~. 

In two dimensions the length is J vi + vi. In three dimensions it is J vi + v~ + v~. 
By the calculation above, the length of v = (1,2,3) is Ilvll = .JI4. 

Here II v II = ~ is just the ordinary length of the arrow that represents the vector. 
In two dimensions, the arrow is in a plane. If the components are 1 and 2, the arrow is 
the third side of a right triangle (Figure 1.6). The Pythagoras formula a2 + b2 = c2 , 

which connects the three sides, is 12 + 22 = II V 112. 
For the length of v = (1,2, 3), we used the right triangle formula twice. The vector 

(1, 2, 0) in the base has length ...[5. This base vector is perpendicular to (0,0, 3) that goes 
straight up. So the diagonal of the box has length II v II = J 5 + 9 = .JI4. 

The length of a four-dimensional vector would be J vi + v~ + v~ + v~. Thus the 
vector (1, 1, 1, 1) has length J 12 + 12 + 12 + 12 = 2. This is the diagonal through a unit 
cube in four-dimensional space. The diagonal in n dimensions has length .Jfi. 

The word "unit" is always indicating that some measurement equals "one". The unit 
price is the price for one item. A unit cube has sides of length one. A unit circle is a circle 
with radius one. Now we define the idea of a "unit vector". 

A I ..c d· .. ( 1 1 1 1) Th . 1 1 1 1 1 n examp e m lour ImenslOns IS U = '2' '2' '2' '2. en U • U IS 4" + 4" + 4" + 4" = . 
We divided v = (1,1,1,1) by its length Ilvll = 2 to get this unit vector. 
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(0,0,3) - - - - - ., 
/ /1 

I 
/ I 

(0,2) (1,2) 
(- - (1,2,3) has 

v·v - v2 + v2 + v2 
I length .J14 1 2 3 

12 + 22 
I I 

2 5 - I I 

14 - 12 + 22 + 32 
I I 

(1,0) 
(0,2,0) 

: (1,2,0) has 
(1,0,0) length ,J5 

Figure 1.6: The length ~ of two-dimensional and three-dimensional vectors. 

Example 4 The standard unit vectors along the x and y axes are written i and j . In the 
xy plane, the unit vector that makes an angle "theta" with the x axis is (cos e, sin e): 

Unit vectors i = [~] and j = [~] and u = [~~::l 

When e = 0, the horizontal vector u is i. When e = 90° (or ~ radians), the vertical 
vector is j. At any angle, the components cos () and sin () produce u . u = 1 because 
cos2 () + sin2 

() = 1. These vectors reach out to the unit circle in Figure 1.7. Thus cos () 
and sin () are simply the coordinates of that point at angle () on the unit circle. 

Since (2,2,1) has length 3, the vector (~, ~, t) has length 1. Check that u • u -

~ + ~ + ~ = 1. For a unit vector, divide any nonzero v by its length II v II. 

Unit v.e~tor u = v/llv II ···js.a unityectot bltlJ,esamedirectiona~v .... ·. 

j = (0,1) v " (1, 1) j _ [cos ()] u - . () sm 

( 1 1) v 
u = ./2'./2 = IIvll 

-i i = (1,0) 

-j 

Figure 1.7: The coordinate vectors i and j. The unit vector u at angle 45° (left) divides 
v = (1, 1) by its length II v II = ..[2. The unit vector u = (cos e, sin e) is at angle (). 
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14 Chapter 1. Introduction to Vectors 

The Angle Between Two Vectors 

We stated that perpendicular vectors have v . w = O. The dot product is zero when the 
angle is 90°. To explain this, we have to connect angles to dot products. Then we show 
how v • w finds the angle between any two nonzero vectors v and w . 

. Flightangle~ The dot product is v • w = 0 when v is perpendicular to w. 

Proof When v and ware perpendicular, they form two sides of a right triangle. 
The third side is v - w (the hypotenuse going across in Figure 1.8). The Pythagoras Law 
for the sides of a right triangle is a 2 + b2 = c2 : 

Perpendicular vectors II v 112 + II W 112 = II v - W 112 (2) 

Writing out the formulas for those lengths in two dimensions, this equation is 

Pythagoras (3) 

The right side begins with vi - 2VI WI + wi- Then vi and wi are on both sides of the 
equation and they cancel, leaving -2VIWI. Also v~ and w~ cancel, leaving -2V2W2. 

(In three dimensions there would be -2V3W3.) Now divide by -2: 

Conclusion Right angles produce v • w = O. The dot product is zero when the angle is 
e = 90°. Then cos e = O. The zero vector v = 0 is perpendicular to every vector w 
because 0 • w is always zero. 

Now suppose v . w is not zero. It may be positive, it may be negative. The sign of v . w 
immediately tells whether we are below or above a right angle. The angle is less than 90° 
when v . w is positive. The angle is above 90° when v . w is negative. The right side of 
Figure 1.8 shows a typical vector v = (3,1). The angle with w = (1,3) is less than 90° 
because v . w = 6 is positive. 

v· w = 0 

..... - - -

angle above 90° 
in this half-plane 

~v.w>O 
v 

angle below 90° 
in this half-plane 

Figure 1.8: Perpendicular vectors have v· w = O. Then IIvl1 2 + IIwl12 = Ilv - W1l2. 
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The borderline is where vectors are perpendicular to v. On that dividing line between 
plus and minus, (1, -3) is perpendicular to (3, 1). The dot product is zero. 

The dot product reveals the exact angle e. This is not necessary for linear algebra-you 
could stop here! Once we have matrices, we won't come back to e. But while we are on 
the subject of angles, this is the place for the formula. 

Start with unit vectors u and U. The sign of u • U tells whether e < 90° or e > 90°. 
Because the vectors have length 1, we learn more than that. The dot product u • U is the 
cosine of e. This is true in any number of dimensions. 

Uriitvectorsu aIid U·atangle e have u· U = cos e. Certainly lu .UI·< 1. 

Remember that cos e is never greater than 1. It is never less than -1. The dot product of 
unit vectors is between -1 and 1. 

Figure 1.9 shows this clearly when the vectors are u = (cos e, sin e) and i = (1, 0). 
The dot product is u . i = cos e. That is the cosine of the angle between them. 

After rotation through any angle a, these are still unit vectors. The vector i = (1,0) 
rotates to (cos a, sin a). The vector u rotates to (cos tJ, sin tJ) with tJ = a + e. Their 
dot product is cos a cos tJ + sin a sin tJ. From trigonometry this is the same as cos(tJ - a). 
But tJ - a is the angle e, so the dot product is cos e. 

u = [c~s e] 
sm e 

[ c~s tJ] 
smtJ 

~ i = [~] 
u • l = cos e e=tJ-a 

Figure 1.9: The dot product of unit vectors is the cosine of the angle e. 

Problem 24 proves lu . U I < 1 directly, without mentioning angles. The inequality and 
the cosine formula u • U = cos e are always true for unit vectors. 

What if v and ware not unit vectors? Divide by their lengths to get u = v / II v II and 
U = w / II w II. Then the dot product of those unit vectors u and U gives cos e. 

COSINEFORl\fULA If v<anclware 11,onzerovectdrs then v • w = cos e. 
IIvllllwll 
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Whatever the angle, this dot product of v / II v II with w / II w II never exceeds one. That 
is the "Schwarz inequality" Iv • wi < Ilvllllwll for dot products-or more correctly the 
Cauchy-Schwarz-Buniakowsky inequality. It was found in France and Germany 
and Russia (and maybe elsewhere-it is the most important inequality in mathematics). 

Since I cos () I never exceeds 1, the cosine formula gives two great inequalities: 

'S0HWARZINEQUi\:LI:'l'Y 

TRIANGLKINEQUALITY 

Iv. wi < IIvllllwll 

IIv + wll < IIvll + Ilwll 

Example 5 Find cos () for v = [ i ] and w = [ ; ] and check both inequalities. 

Solution The dot product is v· w = 4. Both v and w have length,J5. The cosine is 4/5. 

v· w 4 4 
cos () = Ilvllllwll - ,J5../5 - "5 

The angle is below 900 because v· w = 4 is positive. By the Schwarz inequality, v· w = 4 
is less than IIvllllwll = 5. Side 3 = Ilv + wll is less than side 1 + side 2, by the triangle 
inequality. For v + w = (3,3) that says .JI8 < ../5 + ../5. Square this to get 18 < 20. 

Example 6 The dot product of v = (a, b) and w = (b, a) is 2ab. Both lengths are 
J a2 + b2 • The Schwarz inequality in this case says that 2ab < a2 + b2• 

This is more famous if we write x = a2 and y = b2 • The "geometric mean" JXY 
is not larger than the "arithmetic mean" = average !(x + y). 

Geometric < Arithmetic 
mean mean 

a2 +b2 

ab<--
- 2 becomes 

r;;;; x + y 
yxy < 2 . 

Example 5 had a = 2 and b = 1. So x = 4 and y = 1. The geometric mean ,.fXY = 2 
is below the arithmetic me~n ~(1 + 4) = 2.5. 

\ 

Notes on Computing 

Write the components of vas v(l), . .. , v(N) and similarly for w. In FORTRAN, the sum 
v + w requires a loop to add components separately. The dot product also uses a loop to 
add the separate v(j)w(j). Here are VPLUSW and VDOTW: 

FORTRAN 
DO 10 J = 1,N 

10 VPLUSW(J) = v(J) + w(J) 
DO i0J = i,N 

10 VDOTW = VDOTW + V(J) * W(J) 

MATLAB and also PYTHON work directly with whole vectors, not their components. 
No loop is needed. When v and w have been defined, v + w is immediately understood. 
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Input v and w as rows-the prime' transposes them to columns. 2v + 3w uses * for 
multiplication by 2 and 3. The result will be printed unless the line ends in a semicolon. 

MATLAB v = [2 3 4]' ; w = [1 1 1]' ; u = 2 * v + 3 * w 

The dot product v • w is usually seen as a row times a column (with no dot): 

hIsteadof . rn· [!j we more.oftenS¢ [U I [!] or v I ow 

The length of v is known to MATLAB as norm (v). We could define it ourselves as 
sqrt (v' * v), using the square root function-also known. The cosine we have to define 
ourselves! The angle (in radians) comes from the arc cosine (acos) function: 

Cosin¢ f9tl11111a 
AnglefotDnJla 

cosine = v' * w/(norm (v) * norm (w)) 
angle = acos (cosine) 

An M-file would create a new function cosine (v, w) for future use. The M-files created 
especially for this book are listed at the end. R and PYTHON are open source software. 

• REVIEW OF THE KEY IDEAS • 

1. The dot product v . w multiplies each component Vi by Wi and adds all Vi Wi • 

2. The length II v II of a vector is the square root of v . v. 

3. u = v / II v II is a unit vector. Its length is 1. 

4. The dot product is v . w = 0 when vectors v and ware perpendicular. 

5. The cosine of f) (the angle between any nonzero v and w) never exceeds 1: 

v··w 
cos f) = IIvllllwll Schwarz inequality Iv. wi < IIvllllwll· 

Problem 21 will produce the triangle inequality II v + w II < II v II + II w II· 

• WORKED EXAMPLES • 

1.2 A For the vectors v = (3,4) and w = (4,3) test the Schwarz inequality on v . w 
and the triangle inequality on II v + w II. Find cos f) for the angle between v and w. 
When will we have equality Iv. wi = IIvllllwll and IIv + wll = IIvll + IIwll? 
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18 Chapter 1. Introduction to Vectors 

Solution The dot product is v • w = (3)(4) + (4)(3) = 24. The length of v is 
Ilvll = ../9 + 16 = 5 and also Ilwll = 5. The sum v + w = (7,7) has length 7,j2 < 10. 

Iv· wi < IIvllllwll is 24 < 25. Schwarz inequality 

Triangle inequality 

Cosine of angle 

Ilv + wll < Ilvll + Ilwll is 7,j2 < 5 + 5. 

cos e = ~~ Thin angle from v = (3,4) to w = (4,3) 

Suppose one vector is a multiple of the other as in w = cv. Then the angle is 00 or 1800
• 

In this case I cos el = 1 and Iv· wi equals Ilvllllwll. If the angle is 0°, as in w = 2v, then 
II v + w II = II v II + II w II. The triangle is completely fiat. 

1.2 B Find a unit vector u in the direction of v = (3,4). Find a unit vector U that is 
perpendicular to u. How many possibilities for U? 

Solution For a unit vector u, divide v by its length Ilvll = 5. For a perpendicular vector 
V we can choose (-4,3) since the dot product v . V is (3)(-4) + (4)(3) = O. For a unit 
vector U, divide V by its length II V II : 

U· U = 0 

The only other perpendicular unit vector would be - U = (~, - ~). 

1.2 C Find a vector x = (c, d) that has dot products x • r = 1 and x • s = 0 with the 
givenvectorsr = (2,-1) ands = (-1,2). 

How is this question related to Example 1.1 C, which solved cv + dw = h = (I,O)? 

Solution Those two dot products give linear equations for c and d. Then x = (c, d). 

x· r = I 
x·s = 0 

2c - d = 1 
- c +2d = 0 

The same equations as 
in Worked Example 1.1 C 

The second equation makes x perpendicular to s = (-1,2). So I can see the geometry: 
Go in the perpendicular direction (2, 1). When you reach x = ~(2, 1), the dot product 
with r = (2, -I) has the required value x . r = 1. 

Comment on n equationsfor x = (Xl, . .. , xn) in n-dimensional space 
Section 1.1 would start with column vectors v I, ... , v n . The goal is to combine them to 
produce a required vector Xl vI + ... + XnVn = h. This section would start from vectors 
r I, ... , r n. Now the goal is to find x with the required dot products x . r i = bi • 

Soon the v's will be the columns of a matrix A, and the r's will be the rows of A. 
Then the (one and only) problem will be to solve Ax = h. 
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Problem Set 1.2 

1 Calculate the dot products u • v and u • wand u • (v + w) and w • v: 

2 Compute the lengths "u" and "v II and II w II of those vectors. Check the Schwarz 
inequalities lu. vi < lIullllvll and Iv· wi < Ilvllllwll· 

3 Find unit vectors in the directions of v and w in Problem 1, and the cosine of the 
angle e. Choose vectors a, b, c that make 0°, 90°, and 1800 angles with w. 

4 For any unit vectors v and w, find the dot products (actual numbers) of 

(a) v and-v (b) v + wand v - w (c) v - 2w and v + 2w 

5 Find unit vectors Ul and U2 in the directions of v = (3,1) and w = (2,1,2). 
Find unit vectors Uland U 2 that are perpendicular to Ul and U2. 

6 (a) Describe every vector w = (WI, W2) that is perpendicular to v = (2, -1), 

(b) The vectors that are perpendicular to V = (1, 1, 1) lie on a __ 

(c) The vectors that are perpendicular to (1, 1, 1) and (1,2,3) lie on a __ 

7 Find the angle e (from its cosine) between these pairs of vectors: 

(a) v = [~] 

(c) v = [~] 

and 

and 

w = [~] 

W= [l] 
(b) v = UJ and w = HJ 

(d) v = [~] and w = [ ;} 

8 True or false (give a reason if true or a counterexample if false): 

(a) If u is perpendicular (in three dimensions) to v and w, those vectors v and w 
are parallel. " 

(b) If u is perpendicular to v and w, then u is perpendicular to v + 2 w, 

(c) If u and v are perpendicular unit vectors then II u - v" = ,.,fi, 
g The slopes of the arrows from (0,0) to (VI, V2) and (WI, W2) are V2/VI and W2/WI' 

Suppose the product V2W2/VI WI of those slopes is -1. Show that v . w = 0 and 
the vectors are perpendicular. 

10 Draw arrows from (0,0) to the points v = (1,2) and w = (-2,1). Multiply their 
slopes. That answer is a signal that v • w = 0 and the arrows are __ 

11 If v • w is negative, what does this say about the angle between v and w? Draw a 
3-dimensional vector v (an arrow), and show where to find all w's with v . w < O. 
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12 With v = (1, 1) and w = (1, 5) choose a number c so that w - cv is perpendicular 
to v. Then find the formula that gives this number c for any nonzero v and w. 
(Note: cv is the "projection" of w onto v.) 

13 Find two vectors v and w that are perpendicular to (1,0, I) and to each other. 

14 Find nonzero vectors u, v, w that are perpendicular to (1, 1, 1, 1) and to each other. 

15 The geometric mean of x = 2 and y = 8 is .JXY = 4. The arithmetic mean is larger: 
!(x + y) = . This would come in Example 6 from the Schwarz inequality 
for v = (.J2, .JS) and w = (,J8, .J2). Find cos e for this v and w. 

16 How long is the vector v = (I, 1, . . ., 1) in 9 dimensions? Find a unit vector u in 
the same direction as v and a unit vector w that is perpendicular to v. 

17 What are the cosines of the angles a, {J, e between the vector (1,0, -I) and the unit 
vectors i , j , k along the axes? Check the formula cos2 a + cos2 f3 + cos2 e = 1. 

Problems 18-31 lead to the main facts about lengths and angles in triangles. 

18 The parallelogram with sides v = (4,2) and w = (-1,2) is a rectangle. Check the 
Pythagoras formula a 2 + b2 = c2 which is for right triangles only: 

G(!~~~h·;~t.~j~··.·f·(l~~~-;~f .. ~~~~":)··;;~l¢I1iith'6fv!·4itt)~·,,; 

19 (Rules for dot products) These equations are simple but useful: 

(I) V· w = w • v (2) u· (v + w) = u· v + u· w (3) (cv)· w = c(v· w) 

Use (2) with u = v + w to prove Ilv + wl12 = V· V + 2v· w + w· w. 

20 The "Law of Cosines" comes from (v - w)· (v - w) = V· v - 2v· w + w· w: 

Cosine Law 

If e < 90° show that IIvl12 + IIwl12 is larger than IIv - wll2 (the third side). 
" 

21 The triangle inequality says: (length of v + w) < (length of v) + (length of w). 

Problem 19 found Ilv + wll2 = IIvll2 + 2v· w + IIw112. Use the Schwarz inequality 
v • w < II v II II w II to show that II side 311 can not exceed II side III + II side 211 : 

Triangle 
inequality 

22 The Schwarz inequality Iv. wi < IIvll Ilwll by algebra instead of trigonometry: 

(a) Multiply out both sides of (VI WI + V2W2f < (VI + v~)(wI + w~). 
(b) Show that the difference between those two sides equals (VI W2 - V2WI)2. 

This cannot be negative since it is a square-so the inequality is true. 
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v+w 

w 

~~--~~~------------~--.x 

23 The figure shows that cosa = vdllv\l and sina = v2/\1v\l. Similarly cosf3 is 
____ and sin f3 is . The angle 8 is f3 - a. Substitute into the trigonometry 
formula cos f3 cosa + sinf3 sin a for cos(f3 - a) to find cos 8 = V· w IlIvllllwll. 

24 One-line proof of the Schwarz inequality Iu. • U I < I for unit vectors: 

u2 + V 2 u2 + U 2 I + I 
lu, U I < Iud lUll + IU211V2 1 < 1 2 1 + 2 2 2 = 2 = 1. 

Put (u 1, U2) = (.6, .8) and (VI, V2 ) = (.8, .6) in that whole line and find cos e. 

25 Why is I cos 81 never greater than 1 in the first place? 

26 If v = (1,2) draw all vectors w = (x, y) in thexy plane with V· w = x + 2y = 5. 
Which is the shortest w? 

27 (Recommended) If IIvll = 5 and IIwll = 3, what are the smallest and largest values 
of Ilv - w II? What are the smallest and largest values of v . w? 

Challenge Problems 

28 Can three vectors in the xy plane have u . v < 0 and v . w < 0 and u • w < O? 
I don't know how many vectors in x y z space can have all negative dot products. 
(Four of those vectors in the plane would certainly be impossible ... ). 

29 Pick any numbers that 'add to x + y + z = O. Find the angle between your vector 
v = (x,y,z) and the vector w = (z,x,y). Challenge question: Explain why 
V· wl\lvllllwil is always -1. 

30 How could you prove ~xyz < i(x+y+z)(geometricmean < arithmetic mean) ? 

31 Find four perpendicular unit vectors with all components equal to 1 or -1. 
32 Using v = randn(3, I) in MATLAB, create a random unit vector u = vl\lvll. Using 

V = randn(3, 30) create 30 more random unit vectors D.i, What is the average size 
of the dot products I u . D.i I? In cal cui us, the average f: I cos 8 I d 8 1]'( = 2/]'(. 
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1.3 Matrices 

This section is based on two carefully chosen examples. They both start with three vectors. 
I will take their combinations using matrices. The three vectors in the first example are 
u, v, and w: 

First example u=[-i] v=[J] w=U]· 
Their linear combinations in three-dimensional space are cu + dv + ew: 

Combinations (1) 

Now something important: Rewrite that combination using a matrix. The vectors u, v, w 
go into the columns of the matrix A. That matrix "multiplies" a vector: 

Same combination 
is now A times x 

(2) 

The numbers c, d, e are the components of a vector x. The matrix A times the vector x 
is the same as the combination c u + d v + ew of the three columns: 

Ax = [ u v w ] [ n = cu + dv + ew . (3) 

This is more than a d~finition of Ax , because the rewriting brings a crucial change in 
viewpoint. At first, the numbers c, d, e were mUltiplying the vectors. Now the matrix 
is mUltiplying those numbers. The matrix A acts on the vector x. The result Ax is a 
combination b of the columns of A. 

To see that action, I will write Xl, X2, X3 instead of c, d, e. I will write bl , b2 , b3 

for the components of Ax . With new letters we see 

The input is x and the output is b = Ax. This A is a "difference matrix" because b 
contains differences of the input vector x. The top difference is Xl - Xo = Xl - O. 
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Here is an example to show differences of numbers (squares in x, odd numbers in b): 

x = m = squares Ax = [: !] = [i] = b • (5) 

That pattern would continue for a 4 by 4 difference matrix. The next square would be 
X4 = 16. The next difference would be X4 - X3 = 16 - 9 = 7 (this is the next odd 
number). The matrix finds all the differences at once. 

Important Note. You may already have learned about multiplying Ax, a matrix times a 
vector. Probably it was explained differently, using the rows instead of the columns. The 
usual way takes the dot product of each row with x: 

Dot products [1 0 0] [Xl] [ (1,0,0) • (Xl, X2, X3) ] 
with rows Ax = -I 1 0 X2 = (-1,1,0)'(XI,X2,X3) . 

o -1 1 X3 (0,-I,I)'(XI,X2,X3) 

Those dot products are the same Xl and X2 - Xl and X3 - X2 that we wrote in equation (4). 
The new way is to work with Ax a column at a time. Linear combinations are the key to 
linear algebra, and the output Ax is a linear combination of the columns of A. 

With numbers, you can multiply Ax either way (I admit to using rows). With letters, 
columns are the good way. Chapter 2 will repeat these rules of matrix multiplication, and 
explain the underlying ideas. There we will multiply matrices both ways. 

Linear Equations 

One more change in viewpoint is crucial. Up to now, the numbers Xl, X2, X3 were known 
(called c, d, e at first). The right hand side b was not known. We found that vector of 
differences by mUltiplying Ax. Now we think of b as known and we look for x. 

Old question: Compute the linear combination XIU + X2V + X3W to find b. 
New question: Which combination of u, v, w produces a particular vector b? 

This is the inverse problem-to find the input x that gives the desired output b = Ax. You 
have seen this before, as a system of linear equations for Xl, X2, X3. The right hand sides 
of the equations are bl , b2 , b3 • We can solve that system to find Xl, X2, X3: 

Xl = bi 

-Xl +X2 = b2 

-X2 +X3 = b3 

Xl = bi 

Solution X2 = b i + b2 

X3 = b i + b2 + b3 • 

(6) 

Let me admit right away-most linear systems are not so easy to solve. In this example, 
the first equation decided Xl = bl • Then the second equation produced X2 = b i + b2 • 

The equations could be solved in order (top to bottom) because the matrix A was selected 
to be lower triangular. 
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Look at two specific choices 0, 0, 0 and 1, 3, 5 of the right sides b 1 , b2 , b3 : 

The first solution (all zeros) is more important than it looks. In words: If the output is 
b = 0, then the input must be x = O. That statement is true for this matrix A. It is not true 
for all matrices. Our second example will show (for a different matrix C) how we can have 
Cx = 0 when C =f. 0 and x =f. O. 

This matrix A is "invertible". From b we can recover x. 

The Inverse Matrix 

Let me repeat the solution x in equation (6). A sum matrix will appear! 

Ax = b is solved by [~~ ] = [ ~~ + b2 ] = [ ~ 
X3 b i + b2 + b3 1 

(7) 

If the differences of the x's are the b's, the sums of the b's are the x's. That was true for 
the odd numbers b = (1,3,5) and the squares x = (1,4,9). It is true for all vectors. 
The sum matrix S in equation (7) is the inverse of the difference matrix A. 

Example: The differences of x = (1,2,3) are b = (1,1,1). So b = Ax and x = Sb: 

Ax = [ -i J n u ] = U] and Sb = [l r n u ] = U ] 
Equation (7) for the solution vector x = (Xl, X2, X3) tells us two important facts: 

1. For every b there is one solution to Ax = b. 2. A matrix S produces x = S b. 

The next chapters ask about other equations Ax = b. Is there a solution? How is it 
computed? In linear algebra, the notation for the "inverse matrix" is A-I: 

Ax = b is solved by x = A-1b = Sb. 

Note on calculus. Let me connect these special matrices A and S to calculus. The vector 
x changes to a function x(t). The differences Ax become the derivative dx/ dt = bet). In 
the inverse direction, the sum Sb becomes the integral of bet). The Fundamental Theorem 
of Calculus says that integration S is the inverse of differentiation A. 

Ax = b and x = Sb 
dx (t 
dt = b andx(t) = 10 b. (8) 
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The derivative of distance traveled (x) is the velocity (b). The integral of bet) is the 
distance x(t). Instead of adding +C, I measured the distance from x(O) = O. In the 
same way, the differences started at Xo = O. This zero start makes the pattern complete, 
when we write Xl - Xo for the first component of Ax (we just wrote Xl). 

Notice another analogy with calculus. The differences of squares O. 1,4,9 are odd 
numbers 1,3, S. The derivative of X (t) = t 2 is 2t. A perfect analogy would have produced 
the even numbers b = 2,4,6 at times t = 1,2,3. But differences are not the same 
as derivatives, and our matrix A produces not 2t but 2t - 1 (these one-sided "backward 
differences" are centered at t - !): 

X(t) - x(t - 1) = t 2 
- (t - 1)2 = t 2 - (t 2 - 2t + 1) = 2t - 1. (9) 

The Problem Set will follow up to show that "forward differences" produce 2t + 1. 
A better choice (not always seen in calculus courses) is a centered difference that uses 
x(t + 1) - x(t - 1). Divide !!:.x by the distance !!:.t from t - 1 to t + 1, which is 2: 

Centered difference of x(t) = t 2 (t + 1)2 - (t - 1)2 
--"'---2--- = 2t exactly. 

Difference matrices are great. Centered is best. Our second example is not invertible. 

(10) 

Cyclic Differences 

This example keeps the same columns u and v but changes w to a new vector w*: 

Second example 

Now the linear combinations of u, v, w* lead to a cyclic difference matrix C: 

Cyclic 
[ 

1 0 -1] [Xl ] [ Xl - X3 ] . Cx " -1 1 0 X2 = X2 - Xl = h. 
o -1 1 X3 X3 - X2 

(11) 

This matrix C is not triangular. It is not so simple to solve for x when we are given h. 
Actually it is impossible to find the solution to ex = b, because the three equations either 
have infinitely many solutions or else no solution: 

Cx =0 
Infinitely 
many x [

Xl - X3 ] [0] 
X2 - Xl = 0 is solved by all vectors 
X3 - X2 0 

(12) 
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Every constant vector (c, c, c) has zero differences when we go cyclically. This undeter
mined constant c is like the + e that we add to integrals. The cyclic differences have 
Xl - X3 in the first component, instead of starting from Xo = O. 

The other very likely possibility for ex = b is no solution at all: 

Left sides add to 0 
Right sides add to 9 
No solution Xl, X2, X3 

. (13) 

Look at this example geometrically. No combination of u, v, and w* will produce the 
vector b = (1,3,5). The combinations don't fill the whole three-dimensional space. 
The right sides must have b i + b2 + b3 = 0 to allow a solution to ex = b, because 
the left sides Xl - X3, X2 - Xl, and X3 - X2 always add to zero. 

Put that in different words. All linear combinations XIU + X2V + X3W* = b lie on 
the plane given by bi + b2 + b3 = O. This subject is suddenly connecting algebra with 
geometry. Linear combinations can fill all of space, or only a plane. We need a picture to 
show the crucial difference between u, v, w (the first example) and u, v, w*. 

3 w* 3 

U] W= 

2 2 

u=[ -iJ V= [J] U v 

Figure 1.10: Independent vectors u, v, w. Dependent vectors u, v, w* in a plane. 

Independence and Dependence 
, 

Figure 1.10 shows those column vectors, first of the matrix A and then of e. The first two 
columns u and v are the same in both pictures. If we only look at the combinations of those 
two vectors, we will get a two-dimensional plane. The key question is whether the third 
vector is in that plane: 

Independence 
Dependence 

w is not in the plane of u and v. 
w* is in the plane of u and v. 

The important point is that the new vector w* is a linear combination of u and v: 

u +V + w* = 0 W * -- [ -011 ] =-u-v. (14) 
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All three vectors u, v, w* have components adding to zero. Then all their combinations 
will have b1 + b2 + b3 = 0 (as we saw above, by adding the three equations). This is 
the equation for the plane containing all combinations of u and v. By including w* we get 
no new vectors because w * is already on that plane. 

The original w = (0,0,1) is not on the plane: 0 + 0 + 1 #- o. The combinations of 
u, v, w fill the whole three-dimensional space. We know this already, because the solution 
x = S b in equation (6) gave the right combination to produce any b. 

The two matrices A and C, with third columns wand w*, allowed me to mention two 
key words of linear algebra: independence and dependence. The first half of the course will 
develop these ideas much further-I am happy if you see them early in the two examples: 

u, v, ware independent. No combination except Ou + Ov + Ow = 0 gives h = O. 

u, v, w* are dependent. Other combinations (specifically u + v + w*) give h = O. 

You can picture this in three dimensions. The three vectors lie in a plane or they don't. 
Chapter 2 has n vectors in n-dimensional space. Independence or dependence is the key 
point. The vectors go into the columns of an n by n matrix: 

Independent columns: Ax = 0 has one solution. A is an invertible matrix. 

Dependent columns: Ax = 0 has many solutions. A is a singular matrix. 

Eventually we will have n vectors in m-dimensional space. The matrix A with those n 
columns is now rectangular (m by n). Understanding Ax = h is the problem of Chapter 3. 

• REVIEW OF THE KEY IDEAS • 

1. Matrix times vector: Ax = combination of the columns of A. 

2. The solution to Ax = h is x = A-I h, when A is an invertible matrix. 

3. The difference matrix A is inverted by the sum matrix S = A-I. 

4. The cyclic matrix C has no inverse. Its three columns lie in the same plane. 
Those dependent co lumps add to the zero vector. ex = 0 has many solutions. 

5. This section is looking ahead to key ideas, not fully explained yet. 

• WORKED EXAMPLES • 

1.3 A Change the southwest entry a31 of A (row 3, column 1) to a31 = 1: 

[ -~ ~ ~] [ ~~ ] = [ -~~ + X2 ] = [~~] . 
1 -I 1 X3 Xl - X2 + x3 b3 

Ax = b 

Find the solution x for any h. From x = A-I h read off the inverse matrix A-I. 
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Solution Solve the (linear triangular) system Ax = b from top to bottom: 

first Xl = b I 

then X2 = b I + b2 This says that x = A-I b = 

then X3 = b2 + b3 

This is good practice to see the columns of the inverse matrix multiplying b I , b2, and b3. 
The first column of A-I is the solution for b = (1,0,0). The second column is the solution 
forb = (0,1,0). The third column x of A-I is the solution for Ax = b = (0,0,1). 

The three columns of A are still independent. They don't lie in a plane. The combi
nations of those three columns, using the right weights Xl, X2, X3, can produce any three
dimensional vector b = (bI. b2, b3). Those weights come from x = A-lb. 

1.3 B This E is an elimination matrix. E has a subtraction, E- l has an addition. 

Ex = b [_: ~] [ ~~ ] = [ ~~ ] E = [_: ~] 
The first equation is Xl = b l . The second equation is X2 - ,eXI = b2. The inverse will add 

,eXI = ,ebI , because the elimination matrix subtracted ,eXl : 

E- l _ [1 0] 
- .e 1 

1.3 C Change C from a cyclic difference to a centered difference producing X3 - Xl: 

C x = b [ - ~ ~ ~] [ ~~ ] = [~~ = ~l ] = [ ~~ ] . (15) 
o -1 0 X3 0 - X2 b3 

Show that ex = b can only be solved when b I + b3 = O. That is a plane of vectors b 
in three-dimensional space. Each column of C is in the plane, the matrix has no inverse. 
So this plane contains all combinations of those columns (which are all the vectors C x). 

Solution The first component of b = C x is X2, and the last component of b is -X2. 

SO we always have bI + b3 = 0, for every choice of x. 
If you draw the column vectors in C, the first and third columns fall on the same line. 

In fact (column 1) = -(column 3). So the three columns will lie in a plane, and C is not 

an invertible matrix. We cannot solve Cx = b unless b l + b3 = O. 
I included the zeros so you could see that this matrix produces "centered differences". 

Row i of Cx is Xi+l (right of center) minus X;-I (left of center). Here is the 4 by 4 
centered difference matrix: 

0 1 0 0 Xl X2 - 0 b I 

Cx =b 
-1 0 1 0 X2 X3 - Xl b2 

0 -1 0 I -
b3 X3 X4 -X2 

(16) 

0 0 -1 0 X4 o -X3 b4 

Surprisingly this matrix is now invertible! The first and last rows give X2 and X3. Then 
the middle rows give Xl and X4. It is possible to write down the inverse matrix C-1. But 
5 by 5 will be singular (not invertible) again ... 
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Problem Set 1.3 

1 Find the linear combination 2s 1 + 3s2 + 4s 3 = b. Then write b as a matrix-vector 
multiplication S x. Compute the dot products (row of S) . x: 

81 = [:] 82 = [n 83 = [n go into ilie columns of S. 

2 Solve these equations S y = b with s 1, S2, S3 in the columns of S: 

The sum of the first n odd numbers is __ 

3 Solve these three equations for Yl, Y2, Y3 in terms of B1, B2 , B3: 

Sy = B 

Write the solution y as a matrix A = S-l times the vector B. Are the columns of S 
independent or dependent? 

4 Find a combination XI W 1 + X2 W2 + X3 W 3 that gives the zero vector: 

Those vectors are (independent) (dependent). The three vectors lie in a . The 
matrix W with those columns is not invertible. 

5 The rows of that matrix,W produce three vectors (I write them as columns): 
\ 

Linear algebra says that these vectors must also lie in a plane. There must be many 
combinations with Ylrl + Y2r2 + Y3r3 = O. Find two sets of y's. 

6 Which values of c give dependent columns (combination equals zero)? 

o c] 
1 0 
1 1 [ 

c c c] 
215 
336 
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7 If the columns combine into Ax = 0 then each row has r . x = 0: 

=Ul 
The three rows also lie in a plane. Why is that plane perpendicular to x? 

8 Moving to a 4 by 4 difference equation Ax = h, find the four components XI, X2, 

X3, X4. Then write this solution as x = Sh to find the inverse matrix S = A-I: 

Ax = 

1 0 0 0 
-1 1 0 0 
o -1 1 0 
o 0 -1 1 

=h. 

9 What is the cyclic 4 by 4 difference matrix C? It will have I and -1 in each row. 
Find all solutions x = (Xl, X2, X3, X4) to ex = O. The four columns of C lie in a 
"three-dimensional hyperplane" inside four-dimensional space. 

10 Aforward difference matrix I::J. is upper triangular: 

[ -1 1 0] [ ZI ] [ Z2 - Zl ] [ b
l 

] I::J.z = 0 -1 1 Z2 = Z3 - Z2 = b2 = h. 
o 0 -1 Z3 0 - Z3 b3 

Find ZI, Z2, Z3 from b l , b2 , b3. What is the inverse matrix in z = I::J. -1 h? 

11 Show that the forward differences (t + 1)2 - t 2 are 2t+ 1 = odd numbers. 
As in calculus, the difference (t + l)n - t n will begin with the derivative of tn, 
which is __ 

12 The last lines of the Worked Example say that the 4 by 4 centered difference matrix 
in (16) is invertible. Solve ex = (b l , b2 , b3, b4 ) to find its inverse in x = c- l h. 

Challenge Problems 

13 The very last words say that the 5 by 5 centered difference matrix is not invertible. 
Write down the 5 equations ex = h. Find a combination of left sides that gives 
zero. What combination of b l , b2 , b3, b4 , bs must be zero? (The 5 columns lie on a 
"4-dimensional hyperplane" in 5-dimensional space.) 

14 If (a,b) is a multiple of (c,d) with abcd =I- 0, show that (a,c) is a multiple of 
(b, d). This is surprisingly important; two columns are falling on one line. You 
could use numbers first to see how a, b, c, d are related. The question will lead to: 

The matrix A = [~ ~] has dependent columns when it has dependent rows. 
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Solving Linear Equations 

2.1 Vectors and Linear Equations 

The central problem of linear algebra is to solve a system of equations. Those equations 
are linear, which means that the unknowns are only multiplied by numbers-we never see 
x times y. Our first linear system is certainly not big. But you will see how far it leads: 

Two equations 
Two unknowns 

x 2y 
3x + 2y 

1 
11 

(1) 

We begin a row at a time. The first equation x - 2y = 1 produces a straight line in the xy 
plane. The point x = 1, Y = 0 is on the line because it solves that equation. The point 
x = 3, y = 1 is also on the line because 3 - 2 = 1. If we choose x = 101 we find y = 50. 

The slope of this particular line is ~, because y increases by 1 when x changes by 2. 
But slopes are important in calculus and this is linear algebra! 

y 
3x+2y = 11 

1 

---+----~~----~r_----~--~~x 

2 3 

Figure 2.1: Row picture: The point (3, 1) where the lines meet is the solution. 

Figure 2.1 shows that line x - 2y = 1. The second line in this "row picture" comes 
from the second equation 3x + 2y = 11. You can't miss the intersection point where the 

31 
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two lines meet. The point x = 3, Y = 1 lies on both lines. That point solves both equations 
at once. This is the solution to our system of linear equations . 

.. ROWS The rowpicfureshQws twolines11J,eeiingaiasinglepoint.(thesolltti~"4}.· 
,"' ,'. ' ," '.,,'.. .' . -,' '.- . , -,-, 

Tum now to the column picture. I want to recognize the same linear system as a "vector 
equation". Instead of numbers we need to see vectors. If you separate the original system 
into its columns instead of its rows, you get a vector equation: 

Combination equals b x [ ; ] + y [ -; ] = [ 1 ~ ] = b. (2) 

This has two column vectors on the left side. The problem is to find the combination of 
those vectors that equals the vector on the right. We are multiplying the first column by x 
and the second column by y, and adding. With the right choices x = 3 and y = 1 (the 
same numbers as before), this produces 3(column 1) + I (column 2) = b. 

m 3(column I) 

3(column 1) + 1 (column 2) = b 

column 2 I 

I 

I 
I 

I 

I 

" " 

b 

" 

Figure 2.2: Column picture: A combination of columns produces the right side (1,11). 

Figure 2.2 is the "column picture" of two equations in two unknowns. The first part 
shows the two separate columns, and that first column multiplied by 3. This multiplication 
by a scalar (a number) is one of the two basic operations in linear algebra: 

Scalar multiplication 
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If the components of a vector v are VI and V2, then cv has components CVI and CV2. 

The other basic operation is vector addition. We add the first components and the 
second components separately. The vector sum is (1, 11) as desired: 

Vector addition [ ! ] + [ -; ] = [ I! ]. 
The right side of Figure 2.2 shows this addition. The sum along the diagonal is the vector 
b = (1, 11) on the right side of the linear equations. 

To repeat: The left side of the vector equation is a linear combination of the columns. 
The problem is to find the right coefficients x = 3 and y = 1. We are combining scalar 
multiplication and vector addition into one step. That step is crucially important, because 
it contains both of the basic operations: 

Of course the solution x = 3, y = 1 is the same as in the row picture. I don't know 
which picture you prefer! I suspect that the two intersecting lines are more familiar at first. 
You may like the row picture better, but only for one day. My own preference is to combine 
column vectors. It is a lot easier to see a combination of four vectors in four-dimensional 
space, than to visualize how four hyperplanes might possibly meet at a point. (Even one 
hyperplane is hard enough . .. ) 

The coefficient matrix on the left side of the equations is the 2 by 2 matrix A: 

Coefficient matrix [ 1 -2] 
A = 3 2 . 

This is very typical of linear algebra, to look at a matrix by rows and by columns. Its rows 
give the row picture and its columns give the column picture. Same numbers, different 
pictures, same equations. We write those equations as a matrix problem Ax = b: 

- \. .. 

The row picture deals with the two rows of A. The column picture combines the columns. 
The numbers x = 3 and y = 1 go into x. Here is matrix-vector multiplication: 

D(ltpr()du~t$Witlt;ioW$; 
~()Jt1bil!atio.lof'~()lumns 
.,. ,'-. ',' ,\ -,',1 

Looking ahead This chapter is going to solve n equations in n unknowns (for any n). 
I am not going at top speed, because smaller systems allow examples and pictures and a 
complete understanding. You are free to go faster, as long as matrix multiplication and 
inversion become clear. Those two ideas will be the keys to invertible matrices. 

I can list four steps to understanding elimination using matrices. 
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1. Elimination goes from A to a triangular U by a sequence of matrix steps Eij. 

2. The inverse matrices Ei;t in reverse order bring U back to the original A. 

3. In matrix language that reverse order is A = LU = (lower triangle) (upper triangle). 

4. Elimination succeeds if A is invertible. (It may need row exchanges.). 

The most-used algorithm in computational science takes those steps (MATLAB calls it lu). 
But linear algebra goes beyond square invertible matrices! For m by n matrices, Ax = 0 
may have many solutions. Those solutions will go into a vector space. The rank of A 
leads to the dimension of that vector space. 

All this comes in Chapter 3, and I don't want to hurry. But I must get there. 

Three Equations in Three Unknowns 
The three unknowns are x, y, z. We have three linear equations: 

Ax =b 
x + 2y 

2x + 5y 
6x 3y 

+ 3z 
+ 2z 
+ z 

6 
- 4 

2 
(3) 

We look for numbers x, y, z that solve all three equations at once. Those desired numbers 
might or might not exist. For this system, they do exist. When the number of unknowns 
matches the number of equations, there is usually one solution. Before solving the problem, 
we visualize it both ways: 

ROW The row picture shows three planes meeting at a single point. 

COLUMN The column picture combines three columns to produce (6,4,2). 

In the row picture, each equation produces a plane in three-dimensional space. The first 
plane in Figure 2.3 comes from the first equation x + 2y + 3z = 6. That plane crosses 
the x and y and z axes at the points (6,0,0) and (0,3,0) and (0,0,2). Those three points 
solve the equation and they determine the whole plane. 

The vector (x, y, z) = (0,0,0) does not solve x + 2y + 3z = 6. Therefore that plane 
does not contain the origin. The plane x + 2y + 3z = ° does pass through the origin, and 
it is parallel to x + 2y + 3z = 6. When the right side increases to 6, the parallel plane 
moves away from the origin. 

The second plane is given by the second equation 2x + 5y + 2z = 4. It intersects the 
first plane in a line L. The usual result of two equations in three unknowns is a line L of 
solutions. (Not if the equations were x + 2y + 3z = 6 and x + 2y + 3z = 0.) 

The third equation gives a third plane. It cuts the line L at a single point. That point 
lies on all three planes and it solves all three equations. It is harder to draw this triple 
intersection point than to imagine it. The three planes meet at the solution (which we 
haven't found yet). The column form will now show immediately why z = 2. 
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z 

2x +5y+2z =4 

L L 

/~ 
plane x +2y +3z=6 

x x 

z 

L 

Solution [~J 
__._-f----y 

3rd plane 6x -3y + z =2 

(0,0,0) is not on these planes 

Figure 2.3: Row picture: Two planes meet at a line, three planes at a point. 

The column picture starts with the vector form of the equations Ax = b: 

Combine columns (4) 

The unknowns are the coefficients x, y, z. We want to multiply the three column vectors 
by the correct numbers x, y, z to produce b = (6,4,2). 

m = column I 

2 times column 3 is b = m. [ j] = column 2 

Figure 2.4: Column picture: (x, y, z) = (0,0,2) because 2(3, 2,1) = (6,4,2) = h. 

Figure 2.4 shows this column picture. Linear combinations of those columns can pro
duce any vector b! The combination that produces b = (6,4,2) is just 2 times the third 
column. The coefficients we need are x = 0, y = 0, and z = 2. 
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The three planes in the row picture meet at that same solution point (0,0,2): 

Correct combination 
(x, y, z) = (0,0,2) 

The Matrix Form of the Equations 

We have three rows in the row picture and three columns in the column picture (plus the 
right side). The three rows and three columns contain nine numbers. These nine numbers 
fill a 3 by 3 matrix A: 

The "coefficient matrix" in Ax = b is A = [; ;;] . 
6 -3 1 

The capital letter A stands for all nine coefficients (in this square array). The letter 
h denotes the column vector with components 6,4,2. The unknown x is also a column 
vector, with components x, y, z. (We use boldface because it is a vector, x because it is 
unknown.) By rows the equations were (3), by columns they were (4), and by matrices they 
are (5): 

Mmrixequation Ax = b U _~ n [ n = U l (5) 

Basic question: What does it mean to "multiply A times x"? We can multiply by rows or 
by columns. Either way, Ax = b must be a correct representation of the three equations. 
You do the same nine multiplications either way. 

Multiplication by rows Ax comes from dot products, each row times the column x: 

: .[·.· .•. Ct<!WJl :~: ~ ] 
:4 .. t .' , •..• :.'.:. ·.: .... ;C ... '. tJ.'-w.< .....• 2 .. :.:.).· ................• ... ~ .. : ........ ; .. ' 
. ..' .... ...(rOHt3) .•. : x . 

(6) 

Multiplication by columns Ax is a combination of column vectors: 

(7) 

When we substitute the solution x = (0,0,2), the multiplication Ax produces h: 

u -~ n U]=2flmescolumn3=Ul 
The dot product from the first row is (1,2,3) • (0,0,2) = 6. The other rows give dot 
products 4 and 2. This book sees Ax as a combination of the columns of A. 
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Example 1 Here are 3 by 3 matrices A and I = identity, with three 1 's and six O's: 

If you are a row person, the dot product of (1,0,0) with (4,5,6) is 4. If you are a column 
person, the linear combination Ax is 4 times the first column (1, 1, 1). In that matrix A, the 
second and third columns are zero vectors. 

The other matrix I is special. It has ones on the "main diagonal". Whatever vector 
this matrix multiplies, that vector is not changed. This is like multiplication by 1, but for 
matrices and vectors. The exceptional matrix in this example is the 3 by 3 identity matrix: 

1 0 o 0] . alw~y$yields the multiplication. I x ....... x. 
o 1 

Matrix Notation 

The first row of a 2 by 2 matrix contains all and a12. The second row contains a21 and 
a22. The first index gives the row number, so that aU is an entry in row i. The second index 
j gives the column number. But those subscripts are not very convenient on a keyboard! 
Instead of aU we type A(i, j). The entry aS7 = A(5, 7) would be in row 5, column 7. 

A = [all a12] = [ A(l,l) 
a21 a22 A(2, 1) 

A(1,2) ] 
A(2,2) . 

For an m by n matrix, the row index i goes from 1 to m. The column index j stops at n. 
There are mn entries aU = A(i, j). A square matrix of order n has n2 entries. 

Multiplication in MATLAB 

I want to express A and x and their product Ax using MATlAB commands. This is a first 
step in learning that language. I begin by defining the matrix A and the vector x. This 
vector is a 3 by 1 matrix, with three rows and one column. Enter matrices a row at a time, 
and use a semicolon to signal the end of a row: 

A = [1 2 3; 2 5 2; 6 -3 1] 

x=[0;0;2] 

Here are three ways to multiply Ax in MATlAB. In reality, A * x is the good way to do it. 
MATlAB is a high level language, and it works with matrices: 
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We can also pick out the first row of A (as a smaller matrix!). The notation for that I 
by 3 submatrix is A(I, :). Here the colon symbol keeps all columns of row 1: 

Row ata time b = [A(I,:) * x; A(2,:) * x; A(3,:) * x] 

Each entry is a dot product, row times column, I by 3 matrix times 3 by 1 matrix. 
The other way to multiply uses the columns of A. The first column is the 3 by 1 sub

matrix A(: ,1). Now the colon symbol: is keeping all rows of column 1. This column 
multiplies x(1) and the other columns multiply x(2) and x(3): 

Column at a time b = A(:, 1) * x(1) + A(:, 2) * x(2) + A(:, 3) * x(3) 

I think that matrices are stored by columns. Then multiplying a column at a time will be a 
little faster. So A * x is actually executed by columns. 

You can see the same choice in a FORTRAN-type structure, which operates on single 
entries of A and x. This lower level language needs an outer and inner "DO loop". When 
the outer loop uses the row number I, multiplication is a row at a time. The inner loop 
J = 1, 3 goes along each row I. 

When the outer loop uses J, multiplication is a column at a time. I will do that in 
MATLAB (which really needs two more lines "end" and "end" to close "for i" and "for j "). 

FORTRAN by rows 

DO 10 1=1,3 
DO 10 J = 1,3 
10 B(I) = B(I) + A(I, J) * X(J) 

MATLAB by columns 

for j = I : 3 
for i = 1 : 3 
b(i) = b(i) + A(i, j) * xU) 

Notice that MATLAB is sensitive to upper case versus lower case (capital letters and small 
letters). If the matrix is A then its entries are not a(i, j): not recognized. 

I think you will prefer the higher level A * x. FORTRAN won't appear again in this 
book. Maple and Mathematica and graphing calculators also operate at the higher level. 
Multiplication is A. x in Mathematica. It is multiply (A , x); or equally evalm(A& * x); 
in Maple. Those languages allow symbolic entries a, b, x, .. . and not only real numbers. 
Like MATLAB's Symbolic Toolbox, they give the symbolic answer. 

• REVIEW OF THE KEY IDEAS • 

1. The basic operations on vectors are multiplication cv and vector addition v + w. 

2. Together those operations give linear combinations cv + d w. 

3. Matrix-vector multiplication Ax can be computed by dot products, a row at a time. 
But Ax should be understood as a combination of the columns of A. 

4. Column picture: Ax = b asks for a combination of columns to produce b. 

5. Row picture: Each equation in Ax = b gives a line (n = 2) or a plane (n = 3) or a 
"hyperplane" (n > 3). They intersect at the solution or solutions, if any. 
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• WORKED EXAMPLES • 

2.1 A Describe the column picture of these three equations Ax = b. Solve by careful 
inspection of the columns (instead of elimination): 

Solution The column picture asks for a linear combination that produces b from the 
three columns of A. In this example b is minus the second column. So the solution is 
x = 0, y = -1, z = 0. To show that (0, -1, 0) is the only solution we have to know that 
"A is invertible" and "the columns are independent" and "the determinant isn't zero." 

Those words are not yet defined but the test comes from elimination: We need 
(and for this matrix we find) a full set of three nonzero pivots. 

Suppose the right side changes to b = (4,4,8) = sum of the first two columns. Then 
the good combination has x = 1, Y = 1, Z = 0. The solution becomes x = (1,1,0). 

2.1 B This system has no solution. The planes in the row picture don't meet at a point. 
No combination of the three columns produces b. How to show this? 

x + 3y + Sz = 4 
x + 2y - 3z = 5 

2x + Sy + 2z = 8 

(1) Multiply the equations by 1, 1, -1 and add to get ° = 1. No solution. Are any two of 
the planes parallel? What are the equations of planes parallel to x + 3y + Sz = 4? 

(2) Take the dot product of each column of A (and also b) with y = (1,1,-1). 
How do those dot products show that the system Ax = b has no solution? 

(3) Find three right side vectors b* and b** and b*** that do allow solutions. 

Solution 

(1) Multiplying the equations by 1, 1, -1 and adding gives ° = 1: 

x + 3y + Sz = 4 
x +2y -3z = 5 

-[2x + Sy + 2z = 8] 
Ox + Oy + Oz = 1 No Solution 

The planes don't meet at a point, even though no two planes are parallel. For a plane 
parallel to x + 3y + Sz = 4, change the "4". The parallel plane x + 3y + Sz = ° 
goes through the origin (0,0,0). And the equation multiplied by any nonzero con
stant still gives the same plane, as in 2x + 6y + lOz = 8. 
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(2) The dot product of each column of A with y = (1,1, -1) is zero. On the right side, 
y • h = (1,1, -1). (4,5,8) = 1 is not zero. So a solution is impossible. 

(3) There is a solution when h is a combination of the columns. These three choices of 
h have solutions x* = (1,0,0) and x** = (1,1,1) and x*** = (0,0,0): 

b* = m = firnt column b** = m = sum of columns b*** = m 
Problem Set 2.1 

Problems 1-8 are about the row and column pictures of Ax = h. 

1 With A = I (the identity matrix) draw the planes in the row picture. Three sides of 
a box meet atthe solution x = (x, y, z) = (2,3,4): 

g; ! !~ H;! or [g! ~] [n = [! l 
Draw the vectors in the column picture. Two times column 1 plus three times column 
2 plus four times column 3 equals the right side h. 

2 If the equations in Problem 1 are multiplied by 2, 3, 4 they become DX = B: 

2x +Oy + Oz = 4 
Ox + 3y + Oz = 9 
Ox + Oy + 4z = 16 

or 

Why is the row picture the same? Is the solution X the same as x? What is changed 
in the column picture-the columns or the right combination to give B? 

3 If equation 1 is added to equation 2, which of these are changed: the planes in the 
row picture, the vectors in the column picture, the coefficient matrix, the solution? 
The new equations in Problem 1 would be x = 2, x + y = 5, Z = 4. 

4 Find a point with z = 2 on the intersection line of the planes x + y + 3z = 6 and 
x - y + z = 4. Find the point with z = O. Find a third point halfway between. 

5 The first of these equations plus the second equals the third: 

x+ y+ z=2 
x + 2y + z = 3 

2x + 3y + 2z = 5. 

The first two planes meet along a line. The third plane contains that line, because 
if x, y, z satisfy the first two equations then they also . The equations have 
infinitely many solutions (the whole line L). Find three solutions on L. 

sa
m

ple



2.1. Vectors and Linear Equations 41 

6 Move the third plane in Problem 5 to a parallel plane 2x + 3y + 2z = 9. Now the 
three equations have no solution-why not? The first two planes meet along the line 
L, but the third plane doesn't that line. 

7 In Problem 5 the columns are (1, 1,2) and (1,2,3) and (1, 1,2). This is a "singular 
case" because the third column is . Find two combinations of the columns that 
give b = (2,3,5). This is only possible for b = (4,6, c) if c = __ 

8 Normally 4 "planes" in 4-dimensional space meet at a Normally 4 col
umn vectors in 4-dimensional space can combine to produce b. What combination 
of (1,0,0,0), (1,1,0,0), (1,1,1, 0), (1,1,1,1) produces b = (3,3,3, 2)? What 4 
equations for x, y, z, t are you solving? 

Problems 9-14 are about multiplying matrices and vectors. 

9 Compute each Ax by dot products of the rows with the column vector: 

[-~ 
2 nm 

2 1 0 0 1 
1 2 1 0 1 

(a) 3 (b) 
0 1 2 1 1 

-4 1 
0 0 1 2 2 

10 Compute each Ax in Problem 9 as a combination of the columns: 

How many separate multiplications for Ax, when the matrix is "3 by 3"? 

11 Find the two components of Ax by rows or by columns: 

12 Multiply A times x to find three components of Ax : 

[ ~1 001 00

1

] [;z] [2 1 3] [ 1] [2 1] and ~;! _: and ~; [:l 
13 (a) A matrix with m rows and n columns multiplies a vector with compo-

nents to produce a vector with components. 

(b) The planes from the m equations Ax = b are in -dimensional space. 
The combination of the columns of A is in -dimensional space. 
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14 Write 2x + 3 y + z + St = 8 as a matrix A (how many rows?) multiplying the column 
vector x = (x, y, z, t) to produce b. The solutions x fill a plane or "hyperplane" 
in 4-dimensional space. The plane is 3-dimensional with no 4D volume. 

Problems 15-22 ask for matrices that act in special ways on vectors. 

15 (a) What is the 2 by 2 identity matrix? I times [~] equals [~]. 

(b) What is the 2 by 2 exchange matrix? P times [;] equals [~]. 

16 ( a) What 2 by 2 matrix R rotates every vector by 90°? R times [~] is [-i]. 
(b) What 2 by 2 matrix R2 rotates every vector by 180°? 

17 Find the matrix P that multiplies (x, y, z) to give (y, z, x). Find the matrix Q that 
multiplies (y, z, x) to bring back (x, y, z). 

18 What 2 by 2 matrix E subtracts the first component from the second component? 
What 3 by 3 matrix does the same? 

and 

19 What 3 by 3 matrix E multiplies (x, y, z) to give (x, y, z + x)? What matrix E-1 

mUltiplies (x, y, z) to give (x, y, z - x)? If you mUltiply (3,4,5) by E and then 
multiply by E- I , the two results are ( ) and ( ). 

20 What 2 by 2 matrix PI projects the vector (x, y) onto the x axis to produce (x, O)? 
What matrix P2 projects onto the y axis to produce (0, y)? If you multiply (5, 7) 
by PI and then multiply by P2 , you get ( ) and ( ). 

21 What 2 by 2 matrix R rotates every vector through 45°? The vector (1,0) goes to 
(..fi/2, ..fi/2). The vector (0, 1) goes to (-..fi/2, ..fi/2). Those determine the 
matrix. Draw these particular vectors in the xy plane and find R. 

, 
22 Write the dot product of (1,4,5) and (x, y, z) as a matrix multiplication Ax. The 

matrix A has one row. The solutions to Ax = 0 lie on a perpendicular to the 
vector . The columns of A are only in -dimensional space. 

23 In MATLAB notation, write the commands that define this matrix A and the column 
vectors x and h. What command would test whether or not Ax = b? 

A = [~ ~] b = [~] 

24 The MATLAB commands A = eye(3) and v = [3: 5 J' produce the 3 by 3 identity 
matrix and the column vector (3,4,5). What are the outputs from A*v and v' *v? 
(Computer not needed!) If you ask for v*A, what happens? 
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25 If you multiply the 4 by 4 all-ones matrix A = ones(4) and the column v = ones(4,1), 
what is A*v? (Computer not needed.) If you multiply B = eye(4) + ones(4) times 
w = zeros(4,1) + 2*ones(4,1), what is B*w? 

Questions 26-28 review the row and column pictures in 2, 3, and 4 dimensions. 

26 Draw the row and column pictures for the equations x - 2y = 0, x + y = 6. 

27 For two linear equations in three unknowns x, y, Z, the row picture will show (2 or 3) 
(lines or planes) in (2 or 3)-dimensional space. The column picture is in (2 or 3)
dimensional space. The solutions normally lie on a __ 

28 For four linear equations in two unknowns x and y, the row picture shows four 
__ . The column picture is in -dimensional space. The equations have no 
solution unless the vector on the right side is a combination of __ 

29 Start with the vector Uo = (1,0). Multiply again and again by the same "Markov 
matrix" A = [.8.3; .2.7]. The next three vectors are UI, U2, U3: 

UI = [.8 .3] [1] = [.8] U2 = AUI = _ 
.2 .7 ° .2 

What property do you notice for all four vectors uo, U 1, U 2, U 3 ? 

Challenge Problems 

30 Continue Problem 29 from Uo = (1,0) to U7, and also from Vo = (0,1) to V7. 

What do you notice about U7 and V7? Here are two MATLAB codes, with while and 
for. They plot Uo to U7 and Vo to V7. You can use other languages: 

u = [1 ; 0]; A = [.8 .3 ; .2 .7]; 
x = u; k = [0 : 7]; 
while size(x,2) <= 7 

u = A*u; x = [x u]; , 
end 
plot(k, x) 

v = [0; 1]; A = [.8.3;.2.7]; 
x = v; k = [0 : 7]; 
for j = 1 : 7 

v = A*v; x = [x v]; 
end 
plot(k, x) 

The u's and v's are approaching a steady state vector s. Guess that vector and check 
that As = s. If you start with s, you stay with s. 

31 Invent a 3 by 3 magic matrix M3 with entries 1,2, ... ,9. All rows and columns 
and diagonals add to 15. The first row could be 8,3,4. What is M3 times (1,1, I)? 
What is M4 times (1, 1, 1. 1) if a 4 by 4 magic matrix has entries 1, ... , 16? 

32 Suppose U and v are the first two columns of a 3 by 3 matrix A. Which third columns 
w would make this matrix singular? Describe a typical column picture of Ax = b 
in that singular case, and a typical row picture (for a random b). 
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33 Multiplying by A is a "linear transformation". Those important words mean: 

If w is a combination of u and v, then Aw is the same combination of All and Av. 

It is this "linearity" A w = e Au + dAv that gives us the name linear algebra. 

Problem: If u = [ ~ ] and v = [ ~ ] then Au and Av are the columns of A. 

Combine w = eu + dv. If w = [ ; ] how is Aw connected to Au and Av? 

34 Start from the four equations -Xi+l + 2Xi - Xi-l = i (for i = 1,2,3,4 with 
Xo = Xs = 0). Write those equations in their matrix form Ax = h. Can you solve 
them for Xl, X2, X3, X4? 

35 A 9 by 9 Sudoku matrix S has the numbers I, ... , 9 in every row and column, and 
in every 3 by 3 block. For the all-ones vector x = (1, ... , I), what is Sx? 

A better question is: Which row exchanges will produce another Sudoku matrix? 
Also, which exchanges of block rows give another Sudoku matrix? 

Section 2.7 will look at all possible permutations (reorderings) of the rows. I can see 
6 orders for the first 3 rows, all giving Sudoku matrices. Also 6 permutations of the 
next 3 rows, and of the last 3 rows. And 6 block permutations of the block rows? sa
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2.2 The Idea of Elimination 

This chapter explains a systematic way to solve linear equations. The method is called 
"elimination", and you can see it immediately in our 2 by 2 example. Before elimination, 
x and y appear in both equations. After elimination, the first unknown x has disappeared 
from the second equation 8y = 8: 

Before x - 2 Y = 1 
3x + 2y = 11 After~ ! (multiply equation 1 by 3) 

(subtract to eliminate 3x) 

The new equation 8 y = 8 instantly gives y = 1. Substituting y = 1 back into the first 
equation leaves x - 2 = 1. Therefore x = 3 and the solution (x, y) = (3, 1) is complete. 

Elimination produces an upper triangular system-this is the goal. The nonzero 
coefficients 1, -2, 8 form a triangle. That system is solved from the bottom upwards
first y = 1 and then x = 3. This quick process is called back substitution. It is used for 
upper triangular systems of any size, after elimination gives a triangle. 

Important point: The original equations have the same solution x = 3 and y = 1. 
Figure 2.5 shows each system as a pair of lines, intersecting at the solution point (3,1). 
After elimination, the lines still meet at the same point. Every step worked with correct 
equations. 

How did we get from the first pair of lines to the second pair? We subtracted 3 times 
the first equation from the second equation. The step that eliminates x from equation 2 is 
the fundamental operation in this chapter. We use it so often that we look at it closely: 

To eliminate x: Subtract a multiple of equation 1 from equation 2. 

Three times x - 2y = 1 gives 3x - 6y = 3. When this is subtracted from 3x + 2y = II, 
the right side becomes 8. The main point is that 3x cancels 3x. What remains on the left 
side is 2y - (-6y) or 8y, and x is eliminated. The system became triangular. 

Ask yourself how that multiplier.e = 3 was found. The first equation contains Ix. 
So the first pivot was I (the coefficient of x). The second equation contains 3x, so the 
multiplier was 3. Then subtraction 3x - 3x produced the zero and the triangle. 

y y 
3x + 2y = 11 After elimination 

1 
8y= 8 Before elimination 

--;---~~-----r----~---~~X --;---~~-----r----~--~~X 

2 3 2 3 

Figure 2.5: Eliminating x makes the second line horizontal. Then 8 y = 8 gives y = 1. 
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You will see the multiplier rule if I change the first equation to 4x - 8y = 4. (Same 
straight line but the first pivot becomes 4.) The correct multiplier is now l = ~. To find the 
multiplier, divide the coefficient" 3" to be eliminated by the pivot" 4" : 

4x - 8y = 4 Multiply equation 1 by ~ ~ = 4 
3x + 2y = 11 Subtract from equation 2 8y = 8. 

The final system is triangular and the last equation still gives y = 1. Back substitution 
produces 4x - 8 = 4 and 4x = 12 and x = 3. We changed the numbers but not the lines 
or the solution. Divide by the pivot to find that multiplier.e = ~: 

Pivot flrst",~nz~rointh(!rowthatdoes· the "elimination '. 
.... 'htll!ltipliet ... (e.n~tf)elimi",ate)9ivid~d:lJy(pivotJ. '" ...... ·i~.· 

The new second equation starts with the second pivot, which is 8. We would use it to 
eliminate y from the third equation if there were one. To solve n equations we want n 
pivots. The pivots are on the diagonal of the triangle after elimination. 

You could have solved those equations for x and y without reading this book. It is an 
extremely humble problem, but we stay with it a little longer. Even for a 2 by 2 system, 
elimination might break down. By understanding the possible breakdown (when we can't 
find a full set of pivots), you will understand the whole process of elimination. 

Breakdown of Elimination 

Normally, elimination produces the pivots that take us to the solution. But failure is possi
ble. At some point, the method might ask us to divide by zero. We can't do it. The process 
has to stop. There might be a way to adjust and continue-or failure may be unavoidable. 

Example 1 fails with no solution to Oy = 8. Example 2 fails with too many solutions to 
Oy = O. Example 3 succeeds by exchanging the equations. 

Example 1 Permanentfailure with no solution. Elimination makes this clear: 

x - 2y = 1 Subtract 3 times 
3x - 6 Y = 11 eqn. 1 from eqn. 2 

" 

f.i~~ ••••... ··'J.·' 
J)y·.·.· .. · .. 8. 

There is no solution to Oy = 8. Normally we divide the right side 8 by the second pivot, 
but this system has no second pivot. (Zero is never allowed as a pivot/) The row and 
column pictures in Figure 2.6 show why failure was unavoidable. If there is no solution, 
elimination will discover that fact by reaching an equation like Oy = 8. 

The row picture of failure shows parallel lines-which never meet. A solution must lie 
on both lines. With no meeting point, the equations have no solution. 

The column picture shows the two columns (1,3) and (-2, -6) in the same direction. 
All combinations of the columns lie along a line. But the column from the right side is in 
a different direction (1, 11). No combination of the columns can produce this right side
therefore no solution. 

When we change the right side to (1, 3), failure shows as a whole line of solution points. 
Instead of no solution, next comes Example 2 with infinitely many. 
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y 

x- 2y= 1 

+---+----:;;J"'~x 

first [1] 
column 3 

Columns don't combine to give b = [I! ] 

second 
column 

Figure 2.6: Row picture and column picture for Example 1: no solution. 

Example 2 Failure with infinitely many solutions. Change b = (1,11) to (1,3). 

x - 2y = 1 

3x - 6y = 3 

Subtract 3 times 
eqn. 1 from eqn. 2 

·&~Y'l····· 
Oy.··.··O. 

Still only 
one pivot. 

47 

Every y satisfies Oy = O. There is really only one equation x - 2y = 1. The unknown y 
is "free". After y is freely chosen, x is determined as x = 1 + 2y. 

In the row picture, the parallel lines have become the same line. Every point on that 
line satisfies both equations. We have a whole line of solutions in Figure 2.7. 

In the column picture, b = (1, 3) is now the same as column 1. So we can choose 
x = 1 and y = O. We can also choose x = 0 and y = -!; column 2 times -! equals b. 
Every (x, y) that solves the row problem also solves the column problem. 

Failure For n equations we do not get n pivots 

Elimination leads to an equation 0 =/:- 0 (no solution) or 0 = 0 (many solutions) 

Success comes with 11 pivots. But we may have to exchange the n equations. 

Elimination can go wrong'in a third way-but this time it can be fixed. Suppose the first 
pivot position contains zero. We refuse to allow zero as a pivot. When the first equation 
has no term involving x, we can exchange it with an equation below: 

Example 3 Temporary failure (zero in pivot). A row exchange produces two pivots: 

Permutation 
Ox +2y = 4 

3x - 2y = 5 

Exchange the 
two equations 

·3,i .. ··;'2Y .. ·.··.S···· 
,-.. "'., 

··'~y:·;·4. 

The new system is already triangular. This small example is ready for back substitution. 
The last equation gives y = 2, and then the first equation gives x = 3. The row picture is 
normal (two intersecting lines). The column picture is also normal (column vectors not in 
the same direction). The pivots 3 and 2 are normal-but a row exchange was required. 
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y 

right hand side [~ ] 
lies on the line of columns 

--+---"""""'"---+----+---~x 

Same line from both equations 
Solutions all along this line 

!(second column) = - [~J 

Figure 2.7: Rowand column pictures for Example 2: infinitely many solutions. 

Examples 1 and 2 are singular-there is no second pivot. Example 3 is nonsingular
there is a full set of pivots and exactly one solution. Singular equations have no solution or 
infinitely many solutions. Pivots must be nonzero because we have to divide by them. 

Three Equations in Three Unknowns 

To understand Gaussian elimination, you have to go beyond 2 by 2 systems. Three by three 
is enough to see the pattern. For now the matrices are square-an equal number of rows 
and columns. Here is a 3 by 3 system, specially constructed so that all steps lead to whole 
numbers and not fractions: 

2x + 4y -2z = 2 

4x + 9y - 3z = 8 (1) 

-2x - 3y + 7z = 10 

What are the steps? The first pivot is the boldface 2 (upper left). Below that pivot we want 
to eliminate the 4. The first multiplier is the ratio 4/2 = 2. Multiply the pivot equation by 
.e21 = 2 and subtract. Subtraction removes the 4x from the second equation: 

Step 1 Subtract 2 times equation 1 from equation 2. This leaves y + z = 4. 

We also eliminate -2x from equation 3-still using the first pivot. The quick way is to add 
equation 1 to equation 3. Then 2x cancels -2x. We do exactly that, but the rule in this book 
is to subtract rather than add. The systematic pattern has multiplier .e31 = -2/2 = -1. 
Subtracting -1 times an equation is the same as adding: 

Step 2 Subtract -1 times equation 1 from equation 3. This leaves y + Sz = 12. 

The two new equations involve only y and z. The second pivot (in boldface) is 1: 

x is eliminated 
ly + lz = 4 
ly + Sz = 12 

We have reached a 2 by 2 system. The final step eliminates y to make it 1 by 1: 
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Step 3 Subtract equation 2new from 3new. The multiplier is 1/1 = 1. Then 4z = 8. 

The original Ax = b has been converted into an upper triangular U x = c: 

2x + 4y - 2z = 2 

4x + 9y - 3z = 8 

. -2x - 3y + 7z = 10 

(2) 

The goal is achieved-forward elimination is complete from A to U. Notice the pivots 
2, 1,4 along the diagonal of U. The pivots 1 and 4 were hidden in the original system. 
Elimination brought them out. U x = c is ready for back substitution, which is quick: 

(4z = 8 gives z = 2) (y + z = 4 gives y = 2) (equation 1 gives x = -1) 

The solution is (x,y,z) = (-1,2,2). The row picture has three planes from three equa
tions. All the planes go through this solution. The original planes are sloping, but the last 
plane 4z = 8 after elimination is horizontal. 

The column picture shows a combination Ax of column vectors producing the right 
side b. The coefficients in that combination are -1,2,2 (the solution): 

Ax = (-1) U] +2 U] +2 [ =n equals U] = h. (3) 

The numbers x, y, z multiply columns 1, 2, 3 in Ax = b and also in the triangular U x = c. 
For a 4 by 4 problem, or an n by n problem, elimination proceeds the same way. Here 

is the whole idea, column by column from A to U, when elimination succeeds. 

Column 1. Use the first equation to create zeros below the first pivot. 

Column 2. Use the new equation 2 to create zeros below the second pivot. 

Columns 3 to n. Keep going to find all n pivots and the triangular U. 

x x x x 

After column 2 we have 
o x x x 
o 0 x x 
o 0 x x 

. We want 

x x x x 
x x x 

x x 
x 

(4) 

The result of forward elimination is an upper triangular system. It is nonsingular if there 
is a full set of n pivots (never zero!). Question: Which x on the left could be changed 
to boldface x because the pivot is known? Here is a final example to show the original 
Ax = b, the triangular system U x = c, and the solution (x, y, z) from back substitution: 

x+ y+ z=6 x+y+z=6 

x + 2y + 2z = 9 Forward y + z = 3 

x + 2y + 3z = 10 Forward z = 1 

Back 

Back 

All multipliers are 1. All pivots are 1. All planes meet at the solution (3, 2,1). The columns 
of A combine with 3, 2,1 to give b = (6,9,10). The triangle shows U x = c = (6,3, 1). 
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• REVIEW OF THE KEY IDEAS • 

1. A linear system (Ax = b) becomes upper triangular (U x = c) after elimination. 

2. We subtract £ij times equation j from equation i, to make the (i, j) entry zero. 

. .. entry to eliminate in row i . 
3. The multlpher IS £ij = pivot in row j . PIvotS can not be zero! 

4. A zero in the pivot position can be repaired if there is a nonzero below it. 

5. The upper triangular system is solved by back substitution (starting at the bottom). 

6. When breakdown is permanent, the system has no solution or infinitely many. 

• WORKED EXAMPLES • 

2.2 A When elimination is applied to this matrix A, what are the first and second pivots? 
What is the mUltiplier £21 in the first step (£21 times row 1 is subtracted from row 2)? 

A has afirst difference in row 1 and a second difference -1,2, -1 in row 2. 

[ 

1 -1 0] [1-1 
A = -1 2 -1 -+ 0 1 

o -1 2 0 -1 

o ] [1 -1 -1 -+ U = 0 1 
200 -no 

What entry in the 2,2 position (instead of 2) would force an exchange of rows 2 and 3? 
Why is the lower left multiplier £31 = 0, subtracting zero times row 1 from row 3? 
If you change the corner entry from a33 = 2 to a33 = 1, why does elimination fail? 

Solution The first pivot is 1. The multiplier £21 is -1/1 = -1. When -1 times row 1 
is subtracted (so row 1 is added to row 2), the second pivot is revealed as 1. 

If we reduce the middle entry "2" to "1", that would force a row exchange. (Zero will 
appear in the second pivot position.) The multiplier £31 is zero because a31 = O. A zero at 
the start of a row needs no elimination. This A is a "band matrix". 

The last pivot is 1. So if the original comer entry a33 is reduced by 1 (to a33 = 1), 
elimination would produce O. No third pivot, elimination fails. 

2.2 B Suppose A is already a triangular matrix (upper triangular or lower triangular). 
Where do you see its pivots? When does Ax = b have exactly one solution for every b? 

Solution The pivots of a triangular matrix are already set along the main diagonal. Elim
ination succeeds when all those numbers are nonzero. Use back substitution when A is 
upper triangular, go forward when A is lower triangular. 

sa
m

ple



2.2. The Idea of Elimination 51 

2.2 C Use elimination to reach upper triangular matrices U. Solve by back substitution 
or explain why this is impossible. What are the pivots (never zero)? Exchange equations 
when necessary. The only difference is the -x in the last equation. 

Success 
then 

Failure 

x+y+z=7 
x+y-z=5 
x-y+z=3 

x+y+z=7 
x+y-z=5 

-x - y + z = 3 

Solution For the first system, subtract equation 1 from equations 2 and 3 (the multipliers 
are £21 = 1 and £31 = 1). The 2,2 entry becomes zero, so exchange equations: 

x+y+z= 7 
Success o y - 2z = -2 exchanges into 

x+y+z= 7 
-2y +Oz =-4 

-2y + Oz =-4 -2z =-2 

Then back substitution gives z = 1 and y = 2 and x = 4. The pivots are 1, -2, -2. 
For the second system, subtract equation 1 from equation 2 as before. Add equation I 

to equation 3. This leaves zero in the 2, 2 entry and also below: 

Failure 
x+y+z= 7 

Oy - 2z =-2 
Oy + 2z = 10 

There is no pivot in column 2 (it was - column 1) 
A further elimination step gives Oz = 8 
The three planes don't meet 

Plane 1 meets plane 2 in a line. Plane 1 meets plane 3 in a parallel line. No solution. 
If we change the "3" in the original third equation to "-5" then elimination would lead 

to 0 = O. There are infinitely many solutions! The three planes now meet along a whole line. 
Changing 3 to -5 moved the third plane to meet the other two. The second equation 

gives z = 1. Then the first equation leaves x + y = 6. No pivot in column 2 makes y 
free (it can have any value). Then x = 6 - y. 

Problem Set 2.2 

Problems 1-10 are about elimination on 2 by 2 systems. 

1 What multiple £21 of equation 1 should be subtracted from equation 2? 

2x + 3y = 1 

lOx + 9y = 11. 

After this elimination step, write down the upper triangular system and circle the two 
pivots. The numbers 1 and 11 have no influence on those pivots. 

2 Solve the triangular system of Problem 1 by back substitution, y before x. Verify 
that x times (2, 10) plus y times (3,9) equals (1, 11). If the right side changes to 
(4,44), what is the new solution? 
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3 What multiple of equation 1 should be subtracted from equation 2? 

2x -4y = 6 

-x + Sy = O. 

After this elimination step, solve the triangular system. If the right side changes to 
(-6,0), what is the new solution? 

4 What multiple .e of equation 1 should be subtracted from equation 2 to remove e? 

ax +by = f 
ex + dy = g. 

The first pivot is a (assumed nonzero). Elimination produces what formula for the 
second pivot? What is y? The second pivot is missing when ad = be: singular. 

5 Choose a right side which gives no solution and another right side which gives in
finitely many solutions. What are two of those solutions? 

Singular system 3x + 2y = 10 
6x + 4y = 

6 Choose a coefficient b that makes this system singular. Then choose a right side g 
that makes it solvable. Find two solutions in that singular case. 

2x + by = 16 

4x + 8y = g. 

7 For which numbers a does elimination break down (1) permanently (2) temporarily? 

ax + 3y =-3 

4x + 6y = 6. 

Solve for x and y after fixing the temporary breakdown by a row exchange. 

S For which three numbers k does elimination break down? Which is fixed by a row 
exchange? In each case, is the number of solutions 0 or 1 or oo? 

" 

kx + 3y = 6 

3x +ky = -6. 

9 What test on bi and b2 decides whether these two equations allow a solution? How 
many solutions will they have? Draw the column picture for b = (1,2) and (1,0). 

3x - 2y = b i 

6x - 4y = b2 • 

10 In the xy plane, draw the lines x + y = 5 and x + 2y = 6 and the equation 
y = that comes from elimination. The line Sx - 4y = e will go through the 
solution of these equations if c = __ 
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Problems 11-20 study elimination on 3 by 3 systems (and possible failure). 

11 (Recommended) A system of linear equations can't have exactly two solutions. Why? 

(a) If (x, y, z) and (X, Y, Z) are two solutions, what is another solution? 

(b) If 25 planes meet at two points, where else do they meet? 

12 Reduce this system to upper triangular form by two row operations: 

2x + 3y + z = 8 

4x + 7y + 5z = 20 

-2y +2z = O. 

Circle the pivots. Solve by back substitution for z, y, x. 

13 Apply elimination (circle the pivots) and back substitution to solve 

2x-3y = 3 

4x -5y + z = 7 

2x - y - 3z = 5. 

List the three row operations: Subtract __ times row __ from row __ 
d 

14 Which number d forces a row exchange, and what is the triangular system (not sin-
gular) for that d? Which d makes this system singular (no third pivot)? 

2x + 5y + z = 0 

4x + dy + z = 2 

y -z = 3. 

15 Which number b leads later to a row exchange? Which b leads to a missing pivot? 
In that singular case find a nonzero solution x, y, z. 

x +by = 0 

x -2y -z = 0 

y + z = O. 

16 (a) Construct a 3 by 3 system that needs two row exchanges to reach a triangular 
form and a solution. 

(b) Construct a 3 by 3 system that needs a row exchange to keep going, but breaks 
down later. 

17 If rows 1 and 2 are the same, how far can you get with elimination (allowing row 
exchange)? If columns 1 and 2 are the same, which pivot is missing? 

Equal 2x - y + z = 0 
rows 2x - y + z = 0 

4x + y + z = 2 

2x + 2y + z = 0 
4x + 4y + z = 0 
6x + 6y + z = 2. 

Equal 
columns 
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18 Construct a 3 by 3 example that has 9 different coefficients on the left side, but 
rows 2 and 3 become zero in elimination. How many solutions to your system with 
b = (1, 10, 100) and how many with b = (0,0, O)? 

19 Which number q makes this system singular and which right side t gives it infinitely 
many solutions? Find the solution that has z = 1. 

x + 4y - 2z = 1 

x + 7y -6z = 6 

3y + qz = t. 

20 Three planes can fail to have an intersection point, even if no planes are parallel. The 
system is singular if row 3 of A is a of the first two rows. Find a third equation 
that can't be solved together with x + y + z = 0 and x - 2y - z = 1. 

21 Find the pivots and the solution for both systems (Ax = band Kx = b): 

2x+ Y =0 2x- y =0 

x+2y+ z =0 -x +2y- z =0 

y +2z + t=O y +2z- t =0 

z +2t = 5 - z + 2t = 5. 

22 If you extend Problem 21 following the 1,2, 1 pattern or the -1,2, -1 pattern, what 
is the fifth pivot? What is the nth pivot? K is my favorite matrix. 

23 If elimination leads to x + y = 1 and 2y = 3, find three possible original problems. 

24 For which two numbers a will elimination fail on A = [:;]? 

25 For which three numbers a will elimination fail to give three pivots? 

26 

[

a 2 3] 
A = a a 4 is singular for three values of a. 

a a a 

Look for a matrix that has row sums 4 and 8, and column sums 2 and s: 
" 

M . [a b] . atnx = c d 
a+b=4 a+c=2 
c+d=8 b+d=s 

The four equations are solvable only if s = . Then find two different matrices 
that have the correct row and column sums. Extra credit: Write down the 4 by 4 
system Ax = b with x = (a, b, c, d) and make A triangular by elimination. 

27 Elimination in the usual order gives what matrix U and what solution to this "lower 
triangular" system? We are really solving by forward substitution: 

3x = 3 
6x +2y = 8 
9x -2y + z = 9. 
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28 Create a MATLAB command A(2, : ) = . " for the new row 2, to subtract 3 times row 
1 from the existing row 2 if the matrix A is already known. 

Challenge Problems 

29 Find experimentally the average 1 st and 2nd and 3rd pivot sizes from MATLAB 's 
[L, U] = lu(rand(3)). The average size abs(U(l, 1)) is above! because lu picks 
the largest available pivot in column 1. Here A = rand(3) has random entries 
between 0 and 1. 

30 If the last comer entry is A(5, 5) = 11 and the last pivot of A is U(5, 5) = 4, what 
different entry A(5, 5) would have made A singular? 

31 Suppose elimination takes A to U without row exchanges. Then row j of U is a 
combination of which rows of A? If Ax = 0, is U x = O? If Ax = b, is U x = b? 
If A starts out lower triangular, what is the upper triangular U? 

32 Start with 100 equations Ax = 0 for 100 unknowns x = (Xl, ... ,XlOO). Suppose 
elimination reduces the 100th equation to 0 = 0, so the system is "singular". 

(a) Elimination takes linear combinations of the rows. So this singular system has 
the singular property: Some linear combination of the 100 rows is __ 

(b) Singular systems Ax = 0 have infinitely many solutions. This means that some 
linear combination of the 100 columns is __ 

(c) Invent a 100 by 100 singular matrix with no zero entries. 

(d) For your matrix, describe in words the row picture and the column picture of 
Ax = O. Not necessary to draw 100-dimensional space. 
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2.3 Elimination Using Matrices 

We now combine two ideas--elimination and matrices. The goal is to express all the steps 
of elimination (and the final result) in the clearest possible way. In a 3 by 3 example, 
elimination could be described in words. For larger systems, a long list of steps would be 
hopeless. You will see how to subtract a multiple of row j from row i-using a matrix E. 

The 3 by 3 example in the previous section has the beautifully short form Ax = b: 

2XI + 4X2 - 2X3 = 2 [2 4 -2] [Xl] [2] 
4Xl + 9X2 - 3X3 = 8 is the same as 4 9 -3 X2 8. (1) 

-2Xl - 3X2 + 7X3 = 10 -2 -3 7 X3 10 

The nine numbers on the left go into the matrix A. That matrix not only sits beside x, it 
multiplies x. The rule for" A times x" is exactly chosen to yield the three equations. 

Review of A times x. A matrix times a vector gives a vector. The matrix is square when 
the number of equations (three) matches the number of unknowns (three). Our matrix is 
3 by 3. A general square matrix is n by n. Then the vector x is in n-dimensional space. 

The unknown in R3 U x = [~n and ~e solunon is x = n l 
Key point: Ax = b represents the row form and also the column form of the equations. 

Column form Ax = (-1) U] +2 [j] +2[ =n -U] =b. 

This rule for Ax is used so often that we express it once more for emphasis . 

. Ax, ··,tstl/Cjj,71t~i11rlltj(!lJf)ftlJ.ecqltl/11,it$·()rA.,.c:()fu.pOri~ntsYQfx mpltiplythci$¢¢oltlinns:, 

, Ax = Xl times (column 1) + ... + Xn times (column n). ' 

When we compute th~ components of Ax , we use the row form of matrix multiplica
tion. The ith component is a dot product with row i of A, which is [ail ai2 .. , ain]. 
The short formula for that dot product with x uses "sigma notation". 

Components of Ax are dot products with rows of A. 

n 

T-I1eftb.6(;)ri1l?oh~nt~f\4.iis" ailxl + ai2X2 + ... + ainXn· ''l1lls1s' LaijXj' 
j=l 

The sigma symbol L is an instruction to add. I Start with j - 1 and stop with j = n. 
Start the sum with ailXl and stop with ainXn. That produces (row i) • x. 

1 Einstein shortened this even more by omitting the L. The repeated j in aU x j automatically meant addition. 

He also wrote the sum as a{ x j. Not being Einstein, we include the L. 
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One point to repeat about matrix notation: The entry in row 1, column 1 (the top left 
comer) is all. The entry in row 1, column 3 is a13. The entry in row 3, column 1 is a31. 
(Row number comes before column number.) The word "entry" for a matrix corresponds 
to "component" for a vector. General rule: aU = A (i, j) is in row i, column j. 

Example 1 This matrix has aU = 2i + j. Then all = 3. Also a12 = 4 and a21 = 5. 
Here is Ax with numbers and letters: 

[3 4] [2] = [3.2+4.1] 
5 6 1 5·2+6·1 

The first component of Ax is 6 + 4 = 10. A row times a column gives a dot product. 

The Matrix Form of One Elimination Step 

Ax = b is a convenient form for the original equation. What about the elimination steps? 
The first step in this example subtracts 2 times the first equation from the second equation. 
On the right side, 2 times the first component of b is subtracted from the second component: 

First step b = U] changesto bMW = Ul 
We want to do that subtraction with a matrix! The same result bnew = Eb is achieved 
when we multiply an "elimination matrix" E times b. It subtracts 2b1 from b2 : 

Multiplication by E subtracts 2 times row 1 from row 2. Rows 1 and 3 stay the same: 

o 
1 
o 

The first and third rows of E are rows from the identity matrix I. The new second compo
nent is the number 4 that appeared after the elimination step. This is b2 - 2b1• 

It is easy to describe the "elementary matrices" or "elimination matrices" like this E. 
Start with the identity matrix I. Change one of its zeros to the multiplier -.e: 

.'. Th~,.identii:?· .l1t~.has .•. l"'s':QI1.·.th¢diagqllat,.~p4 .. ()~et\Vis~ ••.• O'S. ; .• ·Then .··lb ..... ·· ..... · .... ·iib •..••• ·.fQrall.· •.. b •. 
'Tf.i~·l!~~tIi(?~t9q~tiixOl·diini~~'ti~nm4~· p;dthat·sJktt~¢.t~ .·~.IApttipl¢ ·~.9fr9~.i . 
. '1f(jj;ii t,QW;'i··'1i~~'tbe';*xtra . rtPIlzero.entn" ••• ····t4t;thei,)pdstti()n·lstil14i4g()n~ll's). 

C,_', " "", ' __ :,' :, ' :-.:. ',- •• ', ,!: ,",-, - ,',- ',-: - ,- :''''. ,., -" -', "',< ".",: . !:.':.:; .. ,'" .. , ,,-, .' '" «', ''''.-'':', .. ,~,' -,-" ,-, ' 
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Example 2 The matrix E31 has -.e in the 3, 1 position: 

[
1 0 0] 

Identity I = 0 1 0 
001 

Elimination E31 = [ ~ i ~]. 
-.e 0 1 

When you multiply I times b, you get b. But E31 subtracts.e times the first component 
from the third component. With.e = 4 this example gives 9 - 4 = 5: 

and Eb = [ ~ 
-4 

o 
1 
o 

What about the left side of Ax = b? Both sides are multiplied by E31. The purpose of 
E31 is to produce a zero in the (3,1) position of the matrix. 

The notation fits this purpose. Start with A. Apply E's to produce zeros below the 
pivots (the first E is E2d. End with a triangular U. We now look in detail at those steps. 

First a small point. The vector x stays the same. The solution is not changed by 
elimination. (That may be more than a small point.) It is the coefficient matrix that is 
changed. When we start with Ax = b and multiply by E, the result is EAx = Eb. 
The new matrix EA is the result of mUltiplying E times A. 

Confession The elimination matrices Eij are great examples, but you won't see them 
later. They show how a matrix acts on rows. By taking several elimination steps, we will 
see how to multiply matrices (and the order of the E's becomes important). Products and 
inverses are especially clear for E's. It is those two ideas that the book will now use. 

Matrix Multiplication 

The big question is: How do we multiply two matrices? When the first matrix is E, 
we already know what to expect for EA. This particular E subtracts 2 times row 1 from 
row 2 of this matrix A and any matrix. The multiplier is .e = 2: 

EA=H 
o 
1 
o 

~] [~ ~ =;] [~ ~ -~] (with the zero). 
1 -2 -3 7 -2 -3 7 

(2) 

This step does not change rows 1 and 3 of A. Those rows are unchanged in EA-only 
row 2 is different. Twice the first row has been subtracted from the second row. Matrix 
multiplication agrees with elimination-and the new system of equations is EAx = Eb. 

EAx is simple but it involves a subtle idea. Start with Ax = b. Multiplying both 
sides by E gives E(Ax) = Eb. With matrix multiplication, this is also (EA)x = Eb. 
The first was E times Ax, the second is EA times x. They are the same. Parentheses 
are not needed. We just write EAx. 

That rule extends to a matrix C with several column vectors like C = [ct C2 C3]' When 
multiplying EAC, you can do AC first or EA first. This is the point of an "associative 
law" like 3 x (4 x 5) = (3 x 4) x 5. Multiply 3 times 20, or mUltiply 12 times 5. Both 
answers are 60. That law seems so clear that it is hard to imagine it could be false. 

sa
m

ple



2.3. Elimination Using Matrices 59 

The "commutative law" 3 x 4 = 4 x 3 looks even more obvious. But EA is usually 
different from A E. When E multiplies on the right, it acts on the columns of A. 

AsSQ¢i~tiY¢hhfi~try~····· .... 

··~PIDmqJ;lJi~~·;ii!~:i$CIijl$~S! 

There is another requirement on matrix multiplication. Suppose B has only one column 
(this column is h). The matrix-matrix law for EB should agree with the matrix-vector 
law for Eb. Even more, we should be able to multiply matrices EB a column at a time: 

If B has several columns hI, h2, h3, then the columns of EB are Ehl, Eh2, Eh3. 

'(3\ ",' :-1:, 

This holds true for the matrix multiplication in (2). If you multiply column 3 of A by 
E, you correctly get column 3 of EA: 

H ! n U] = n] E(columnj of A) =columnj of EA. 

This requirement deals with columns, while elimination is applied to rows. The next 
section describes each entry of every product AB. The beauty of matrix multiplication 
is that all three approaches (rows, columns, whole matrices) come out right. 

The Matrix P ij for a Row Exchange 

To subtract row j from row i we use Eij. To exchange or "permute" those rows we use 
another matrix Pij (a permutation matrix). A row exchange is needed when zero is in the 
pivot position. Lower down, that pivot column may contain a nonzero. By exchanging the 
two rows, we have a pivot and elimination goes forward. 

What matrix P23 exchanges row 2 with row 3? We can find it by exchanging rows of 
the identity matrix I : 

Permutation matrix [
1 0 0] 

P23 = 0 0 1 . 
010 

This is a row exchange matrix. Multiplying by P23 exchanges components 2 and 3 of any 
column vector. Therefore it also exchanges rows 2 and 3 of any matrix: 

[~ ~ !][n = m and U ~ !] [~ : n = [~ : il 
On the right, P23 is doing what it was created for. With zero in the second pivot position 
and "6" below it, the exchange puts 6 into the pivot. 
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Matrices act. They don't just sit there. We will soon meet other permutation matrices, 
which can change the order of several rows. Rows 1,2,3 can be moved to 3, 1,2. Our P23 
is one particular permutation matrix-it exchanges rows 2 and 3. 

To exchange equations 1 and 3 multiply by P13 = [g ~ ~]. 
100 

Usually row exchanges are not required. The odds are good that elimination uses only 
the Eij. But the Pij are ready if needed, to move a pivot up to the diagonal. 

The Augmented Matrix 

This book eventually goes far beyond elimination. Matrices have all kinds of practical 
applications, in which they are multiplied. Our best starting point was a square E times a 
square A, because we met this in elimination-and we know what answer to expect for EA. 
The next step is to allow a rectangular matrix. It still comes from our original equations, 
but now it includes the right side b. 

Key idea: Elimination does the same row operations to A and to b. We can include 
b as an extra column and follow it through elimination. The matrix A is enlarged or 
"augmented" by the extra column h: 

Elimination acts on whole rows of this matrix. The left side and right side are both mul
tiplied by E, to subtract 2 times equation 1 from equation 2. With [A h] those steps 
happen together: 

H o 
1 
o 

0] [2 4 " o 4 9 
1 -2-3 

-2 
-3 

7 

2] [2 8 - 0 
10 -2 

4 -2 
1 1 

-3 7 
~] . 

10 

The new second row contains 0,1,1,4. The new second equation is X2 + X3 = 4. Matrix 
multiplication works by rows and at the same time by columns: 

ROWS Each row of E acts on [A h] to give a row of [EA Eb]. 

COLUMNS E acts on each column of [A h] to give a column of [EA Eh]. 

Notice again that word "acts." This is essential. Matrices do something! The matrix A 
acts on x to produce h. The matrix E operates on A to give EA. The whole process of 
elimination is a sequence of row operations, alias matrix multiplications. A goes to E21 A 
which goes to E31 E21 A. Finally E32E31 E21A is a triangular matrix. 
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The right side is included in the augmented matrix. The end result is a triangular system 
of equations. We stop for exercises on multiplication by E, before writing down the rules 
for all matrix multiplications (including block multiplication). 

• REVIEW OF THE KEY IDEAS • 

1. Ax = Xl times column 1 + ... + Xn times column n. And (AX)i = 2:1=1 aijXj. 

2. Identity matrix = I, elimination matrix = Eij using lij, exchange matrix = Pij. 

3. Multiplying Ax = b by E21 subtracts a multiple l21 of equation 1 from equation 2. 
The number -l21 is the (2, 1) entry of the elimination matrix E21. 

4. For the augmented matrix [A b], that elimination step gives [E21A E21b]' 

5. When A multiplies any matrix B, it multiplies each column of B separately. 

• WORKED EXAMPLES • 

2.3 A What 3 by 3 matrix E21 subtracts 4 times row 1 from row 2? What matrix P32 
exchanges row 2 and row 3? If you multiply A on the right instead of the left, describe the 
results AE21 and AP32. 

Solution By doing those operations on the identity matrix I, we find 

and 

Multiplying by E21 on the right side will subtract 4 times column 2 from column 1. 
Multiplying by P32 on the right will exchange columns 2 and 3. 

2.3 B Write down the augmented matrix [A b] with an extra column: 

X + 2y + 2z = I 
4x + 8y + 9z = 3 

3y + 2z = 1 

Apply E21 and then P32 to reach a triangular system. Solve by back substitution. What 
combined matrix P32 E21 will do both steps at once? 
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Solution E21 removes the 4 in column 1. But zero appears in column 2: 

[A b] = [! ~ ~ ;] 
032 1 

and 
[ 

1 2 2 
E2dA b] = 0 0 1 

032 -l ] 
Now P32 exchanges rows 2 and 3. Back substitution produces z then y and x. 

[ 
1 2 2 1] 

P32E2dA b]= 0 3 2 1 
o 0 1 -1 

and 

For the matrix P32 E21 that does both steps at once. apply P32 to E21 . 

One matrix 
Both steps P32 E21 = exchange the rows of E21 = [J ~ !]. 

2.3 C Multiply these matrices in two ways. First. rows of A times columns of B. 
Second, columns of A times rows of B. That unusual way produces two matrices that 
add to AB. How many separate ordinary multiplications are needed? 

Both ways [3 4] [10 16] 
AB = ~ ~ [~ :] = ~ : 

Solution Rows of A times columns of B are dot products of vectors: 

(row 1). (column 1) = [3 4] [~] = 10 is the (1, 1) entry of AB 

(row 2)· (column I) = [1 5] [~] = 7 is the (2, 1) entry of AB 

We need 6 dot products. 2 multiplications each. 12 in all (3·2·2). The same AB comes 
from columns of A times rows of B. A column times a row is a matrix. 
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Problem Set 2.3 

Problems 1-15 are about elimination matrices. 

1 Write down the 3 by 3 matrices that produce these elimination steps: 

(a) E21 subtracts 5 times row 1 from row 2. 

(b) E32 subtracts -7 times row 2 from row 3. 

(c) P exchanges rows 1 and 2, then rows 2 and 3. 

63 

2 In Problem 1, applying E21 and then E32 to b = (1,0,0) gives E32E21b = __ 
Applying E32 before E21 gives E21 E 32b . When E32 comes first, 
row feels no effect from row __ 

3 Which three matrices E21 , E 31 , E32 put A into triangular form U? 

A=[! 
-2 

1 
6 
2 

Multiply those E's to get one matrix M that does elimination: M A = U. 

4 Include b = (1,0,0) as a fourth column in Problem 3 to produce [A b]. Carry out 
the elimination steps on this augmented matrix to solve Ax = b. 

5 Suppose a33 = 7 and the third pivot is 5. If you change a33 to 11, the third pivot is 
__ . If you change a33 to , there is no third pivot. 

6 If every column of A is a mUltiple of (1,1,1), then Ax is always a multiple of 
(1,1,1). Do a 3 by 3 example. How many pivots are produced by elimination? 

7 Suppose E subtracts 7 times row 1 from row 3. 

(a) To invert that step you should __ 7 times row __ to row __ 
\ 

(b) What "inverse matrix" E-1 takes that reverse step (so E-l E = I)? 

(c) If the reverse step is applied first (and then E) show that E E -1 = I. 

8 The determinant of M = [~~] is det M = ad - bc. Subtract l times row 1 
from row 2 to produce a new M *. Show that det M * = det M for every .e. When 
l = cia, the product of pivots equals the determinant: (a)(d - lb) equals ad - bc. 

9 (a) E21 subtracts row 1 from row 2 and then P23 exchanges rows 2 and 3. What 
matrix M = P23E21 does both steps at once? 

(b) P23 exchanges rows 2 and 3 and then E31 subtracts row 1 from row 3. What 
matrix M = E31 P23 does both steps at once? Explain why the M's are the 
same but the E's are different. 
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10 (a) What 3 by 3 matrix E13 will add row 3 to row 1? 

(b) What matrix adds row 1 to row 3 and at the same time row 3 to row 1? 

(c) What matrix adds row 1 to row 3 and then adds row 3 to row 1? 

11 Create a matrix that has all = a22 = a 33 = 1 but elimination produces two negative 
pivots without row exchanges. (The first pivot is 1.) 

12 Multiply these matrices: 

[~ 
0 

~] [~ 
2 n [~ 

0 

~] [-: 0 n [: 2 !l 1 5 1 1 3 
0 8 0 -1 0 4 

13 Explain these facts. If the third column of B is all zero, the third column of EB is 
all zero (for any E). If the third row of B is all zero, the third row of EB might not 
be zero. 

14 This 4 by 4 matrix will need elimination matrices E21 and E32 and E43. What are 
those matrices? 

A= 

2 -1 0 0 
-1 2 -1 0 
o -1 2-1 
o 0 -1 2 

15 Write down the 3 by 3 matrix that has aij = 2i - 3j. This matrix has a32 = 0, but 
elimination still needs E32 to produce a zero in the 3,2 position. Which previous 
step destroys the original zero and what is E32? 

Problems 16-23 are about creating and multiplying matrices. 

16 Write these ancient problems in a 2 by 2 matrix form Ax = h and solve them: 

(a) X is twice as 'old as Y and their ages add to 33. 

(b) (x, y) = (2,5) and (3,7) lie on the line y = mx + c. Find m and c. 

17 The parabola y = a + bx + cx2 goes through the points (x, y) = (1,4) and (2,8) 
and (3, 14). Find and solve a matrix equation for the unknowns (a, b, c). 

18 Multiply these matrices in the orders EF and FE: 

[
1 0 0] 

E = a 1 0 
b 0 I 

o 0] 
1 0 . 
c 1 

Also compute E2 = EE and F3 = FFF. You can guess FIOO. 
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19 Multiply these row exchange matrices in the orders PQ and QP and p 2 : 

[
0 1 0] 

P = 1 0 0 
o 0 1 [

0 0 1] 
and Q = 0 1 0 . 

1 0 0 

Find another non-diagonal matrix whose square is M2 = I. 

20 (a) Suppose all columns of B are the same. Then all columns of EB are the same, 
because each one is E times __ 

(b) Suppose all rows of Bare [1 2 4]. Show by example that all rows of EB are 
not [1 2 4]. It is true that those rows are __ 

21 If E adds row 1 to row 2 and F adds row 2 to row 1, does EF equal FE? 

22 The entries of A and x are aij and x j. So the first component of Ax is La Ij x j = 
a11Xl + ... + alnXn . If E21 subtracts row 1 from row 2, write a formula for 

(a) the third component of Ax 

(b) the (2, 1) entry of E2lA 

(c) the (2, 1) entry of E2l (E2lA) 

(d) the first component of E21 Ax . 

23 The elimination matrix E = [_~ 1] subtracts 2 times row 1 of A from row 2 of A. 
The result is EA. What is the effect of E(EA)? In the opposite order AE, we are 
subtracting 2 times of A from . (Do examples.) 

Problems 24-27 include the column b in the augmented matrix [A b]. 

24 Apply elimination to the 2 by 3 augmented matrix [A b]. What is the triangular 
system U x = c? What is the solution x? 

25 Apply elimination to th~ 3 by 4 augmented matrix [A b]. How do you know this 
system has no solution? Change the last number 6 so there is a solution. 

26 The equations Ax = b and Ax * b * have the same matrix A. What double 
augmented matrix should you use in elimination to solve both equations at once? 

Solve both of these equations by working on a 2 by 4 matrix: 
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27 Choose the numbers a, b, c, d in this augmented matrix so that there is (a) no solution 
(b) infinitely many solutions. 

[A b] = [~ ~ ; ~] 
o 0 d c 

Which of the numbers a, b, c, or d have no effect on the solvability? 

28 If AB = 1 and Be = 1 use the associative law to prove A = C. 

Challenge Problems 

29 Find the triangular matrix E that reduces "Pascal's matrix" to a smaller Pascal: 

1 0 0 0 1 0 0 0 

Eliminate column 1 E 
1 1 0 0 0 1 0 0 
1 2 1 0 0 I 1 0 
1 3 3 1 0 1 2 1 

Which matrix M (mUltiplying several E's) reduces Pascal all the way to 
Pascal's triangular matrix is exceptional, all of its multipliers are'€ij = 1. 

30 Write M = [~~] as a product of many factors A = un and B = [A U. 

1? 

(a) What matrix E subtracts row 1 from row 2 to make row 2 of EM smaller? 

(b) What matrix F subtracts row 2 of EM from row 1 to reduce row 1 of FE M? 

(c) Continue E's and F's until (many E's and F's) times (M) is (A or B). 

(d) E and F are the inverses of A and B! Moving all E's and F's to the right side 
will give you the desired result M = product of A's and B's. 

This is possible for integer matrices M = [~ ~] > 0 that have ad - bc = 1. 

31 Find elimination Ipatrices E21 then E32 then E43 to change K into U: 

2 -1 
-1 2 
o -1 
o 0 

o 0 
-1 0 

2 -1 
-1 2 

2 -1 
o 3/2 
o 0 
o 0 

o 
-1 

4/3 
o 

o 
o 

-1 
5/4 

Apply those three steps to the identity matrix I, to multiply E 43E 32 E 21. 
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2.4 Rules for Matrix Operations 

I will start with basic facts. A matrix is a rectangular array of numbers or "entries". When 
A has m rows and n columns, it is an "m by n" matrix. Matrices can be added if their 
shapes are the same. They can be multiplied by any constant c. Here are examples of 
A + Band 2A, for 3 by 2 matrices: 

Matrices are added exactly as vectors are-one entry at a time. We could even regard a 
column vector as a matrix with only one column (so n = 1). The matrix -A comes from 
multiplication by c = -1 (reversing all the signs). Adding A to - A leaves the zero matrix, 
with all entries zero. All this is only common sense. 

The entry in row i and column j is called aU or A(i, j). The n entries along the first 
row are all, a12, . .. , ain. The lower left entry in the matrix is amI and the lower right is 
amn . The row number i goes from 1 to m. The column number j goes from 1 to n. 

Matrix addition is easy. The serious question is matrix multiplication. When can we 
multiply A times B, and what is the product AB? We cannot multiply when A and Bare 
3 by 2. They don't pass the following test: 

To multiply A B : If A has n columns, B must have n rows. 

When A is 3 by 2, the matrix B can be 2 by 1 (a vector) or 2 by 2 (square) or 2 by 20. 
Every column of B is multiplied by A. I will begin matrix multiplication the dot product 
way, and then return to this column way: A times columns of B. The most important rule 
is that A B times C equals A times Be. A Challenge Problem will prove this. 

Suppose A is m by nand B is n by p. We can multiply. The product AB is m by p. 

(m x n)(/1 x p) = (m x p) [ 
m rows ] [ n rows] [m rows ] 

n columns p columns - p columns . 

A row times a column is an extreme case. Then 1 by 11 mUltiplies 11 by 1. The result is 1 
by 1. That single number is the "dot product". 

In every case A B is filled with dot products. For the top comer, the (1, 1) entry of A B 
is (row 1 of A) • (column 1 of B). To mUltiply matrices, take the dot product of each row 
of A with each column of B. 

Figure 2.8 picks out the second row (i = 2) of a 4 by 5 matrix A. It picks out the third 
column (j = 3) of a 5 by 6 matrix B. Their dot product goes into row 2 and column 3 
of AB. The matrix AB has as many rows as A (4 rows), and as many columns as B. 
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* 
* * (AB)U * * * 

* 
* 

AB is 4 by 6 

Figure 2.8: Here i = 2 and j = 3. Then (ABh3 is (row 2). (column 3) = 'ba2kbk3' 

Example 1 Square matrices can be multiplied if and only if they have the same size: 

The first dot product is 1 ·2+ 1 ·3 = 5. Three more dot products give 6,1, and O. Each 
dot product requires two multiplications-thus eight in all. 

If A and Bare n by n. so is AB. It contains n2 dot products, row of A times column of 
B. Each dot product needs n multiplications. so the computation of AB uses n 3 separate 
multiplications. For n = 100 we multiply a million times. For n = 2 we have n 3 = 8. 

Mathematicians thought until recently that AB absolutely needed 23 = 8 multiplica
tions. Then somebody found a way to do it with 7 (and extra additions). By breaking n by 
n matrices into 2 by 2 blocks, this idea also reduced the count for large matrices. Instead of 
n3 it went below n2 .8• and the exponent keeps falling.l The best at this moment is n2 .376. 

But the algorithm is so awkward that scientific computing is done the regular way: n2 dot 
product~in AB, and n multiplications for each one. 

Example 2 Suppose A is a row vector (1 by 3) and B is a column vector (3 by 1). Then 
AB is 1 by 1 (only one entry. the dot product). On the other hand B times A (a column 
times a row) is a full 3 by 3 matrix. This multiplication is allowed! 

Column times row 
(nxl)(lxn) = (nxn) 

A row times a column is an "inner" product-that is another name for dot product. A col
umn times a row is an "outer" product. These are extreme cases of matrix multiplication. 

Rows and Columns of AB 

In the big picture, A multiplies each column of B. The result is a column of AB. In that 
column, we are combining the columns of A. Each column of A B is a combination of 

I Maybe 2.376 will drop to 2. No other number looks special, but no change for 10 years. 
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the columns of A. That is the column picture of matrix multiplication: 

Matrix A times column of B A [ b 1 ... b p ] = [Ab 1 •.. Ab p ]. 

The row picture is reversed. Each row of A multiplies the whole matrix B. The result is a 
row of AB. It is a combination of the rows of B: 

Row times matrix [
1 2 3] 

[ row i of A ] 4 5 6 = [row i of A B ]. 
789 

We see row operations in elimination (E times A). We see columns in A times x. The 
"row-column picture" has the dot products of rows with columns. Believe it or not, 
there is also a column-row picture. Not everybody knows that columns 1, ... , n of A 
multiply rows 1, ... ,n of B and add up to the same answer A B. Worked Example 2.3 C 
had numbers for n = 2. Example 3 will show how to multiply A B using columns times 
rows. 

The Laws for Matrix Operations 

May I put on record six laws that matrices do obey, while emphasizing an equation they 
don't obey? The matrices can be square or rectangular, and the laws involving A + Bare 
all simple and all obeyed. Here are three addition laws: 

A+B=B+A 
c(A + B) = cA + cB 

(commutative law) 
(distributive law) 

A + (B + C) = (A + B) + C ( associative law). 

Three more laws hold for multiplication, but AB = BA is not one of them: 

···1j'=j;'·.iJ~' 
C(A + B) = CA + CB 
(A + B)C = AC + BC 

1'11.<110)' .· .•. ·~,'·:f~B5,~·1 

(the commutative "law" is usually broken) 

(distributive law from the left) 
(distributive law from the right) 

(associative law for ABC) (parentheses not needed). 

When A and B are not square, AB is a different size from BA. These matrices can't be 
equal-even if both multiplications are allowed. For square matrices, almost any example 
shows that AB is different from BA: 

AB = [~ ~] [~ ~] = [~ ~] but BA = [~ ~] [~ ~] = [~ ~]. 
It is true that AI = I A. All square matrices commute with I and also with c I. Only these 
matrices c I commute with all other matrices. 

The law A(B + C) = AB + AC is proved a column at a time. Start with A(b + c) = 
Ab + Ac for the first column. That is the key to everything-linearity. Say no more. 

The law A(BC) = (AB)C means that you can multiply BC first or else AB first. 
The direct proof is sort of awkward (Problem 37) but this law is extremely useful. 
We highlighted it above; it is the key to the way we multiply matrices. 

sa
m

ple



70 Chapter 2. Solving Linear Equations 

Look at the special case when A = B = C = square matrix. Then (A times A2) is 
equal to (A 2 times A). The product in either order is A 3 . The matrix powers A P follow the 
same rules as numbers: 

.. A P--;AAA· ·,A (pfaetors) 

Those are the ordinary laws for exponents. A3 times A4 is A7 (seven factors). A3 to 
the fourth power is A 12 (twelve A's). When p and q are zero or negative these rules stilI 
hold, provided A has a "-1 power"-which is the inverse matrix A-I. Then A 0 = I is the 
identity matrix (no factors). 

For a number, a-I is lla. For a matrix, the inverse is written A-I. (It is never I I A, 
except this is allowed in MATLAB.) Every number has an inverse except a = O. To decide 
when A has an inverse is a central problem in linear algebra. Section 2.5 will start on the 
answer. This section is a Bill of Rights for matrices, to say when A and B can be multiplied 
and how. 

Block Matrices and Block Multiplication 

We have to say one more thing about matrices. They can be cut into blocks (which are 
smaller matrices). This often happens naturally. Here is a 4 by 6 matrix broken into blocks 
of size 2 by 2-in this example each block is just I: 

4 by 6 matrix 
2 by 2 blocks A= 

1 0 
o 1 

1 0 
o 1 

1 0 
o 1 

1 0 
o 1 

1 0 
o 1 

1 0 
o 1 

= [~ I 
I ~]. 

If B is also 4 by 6 and the block sizes match, you can add A + B a block at a time. 
We have seen block matrices before. The right side vector b was placed next to A in 

the "augmented matrix". Then [A b] has two blocks of different sizes. Multiplying by 
an elimination matrix gave [EA Eb]. No problem to multiply blocks times blocks, when 
their shapes permit. 

BJ()~~.qt»ltjpl!¢~ti9fi ... lfthe;cutsbetw~¢11.C()hUlins··()fA···that¢hth~ellts&etween·r()ws· 
of 1l,;tb.en!l?llDc}C·ri\ultiP],ipation of A~ is allowed: .. 

(1) 

This equation is the same as if the blocks were numbers (which are 1 by 1 blocks). We are 
careful to keep A's in front of B's, because BA can be different. 

Main point When matrices split into blocks, it is often simpler to see how they act. The 
block matrix of I 's above is much clearer than the original 4 by 6 matrix A. 
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Example 3 (Important special case) Let the blocks of A be its n columns. Let the 
blocks of B be its n rows. Then block multiplication AB adds up columns times rows: 

Columns 
times 
rows 

This is another way to multiply matrices. Compare it with the usual rows times columns. 
Row 1 of A times column 1 of B gave the (1, 1) entry in AB. Now column 1 of A times 
row 1 of B gives a full matrix-not just a single number. Look at this example: 

Column 1 times row 1 
+ Column 2 times row 2 

(3) 

We stop there so you can see columns multiplying rows. If a 2 by 1 matrix (a column) 
multiplies a 1 by 2 matrix (a row), the result is 2 by 2. That is what we found. Dot 
products are inner products and these are outer products. In the top left corner the answer 
is 3 + 4 = 7. This agrees with the row-column dot product of (1, 4) with (3,1). 

Summary The usual way, rows times columns, gives four dot products (8 multiplications). 
The new way, columns times rows, gives two full matrices (the same 8 multiplications). 
The 8 multiplications, and the 4 additions, are just executed in a different order. 

Example 4 (Elimination by blocks) Suppose the first column of A contains 1,3,4. 
To change 3 and 4 to 0 and 0, multiply the pivot row by 3 and 4 and subtract. Those 
row operations are really multiplications by elimination matrices E21 and E31 : 

One ata time and E31 = [ ~ 
-4 

o 
1 
o 

The "block idea" is to do both eliminations with one matrix E. That matrix clears out the 
whole first column of A below the pivot a = 1: 

E = [-~ 
-4 

o 
1 
o 

O~] [;1 x~ X~] multiplies ~give EA = [i ~ ~l 
Using inverses from 2.5, a block matrix E can do elimination on a whole (block) column 
of A. Suppose A has four blocks A, B, C, D. Watch how E multiplies A by blocks: 

Block 
elimination 

Elimination multiplies the first row [A B] by CA -1 (previously c / a). It subtracts from 
C to get a zero block in the first column. It subtracts from D to get S = D - CA-1 B. 
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This is ordinary elimination, a column at a time-written in blocks. That final block S is 
D - CA-1 B,just like d - cbla. This is called the Schur complement. 

• REVIEW OF THE KEY IDEAS • 

1. The (i, j) entry of AB is (row i of A) • (column j of B). 

2. An m by n matrix times an n by p matrix uses mnp separate multiplications. 

3. A times BC equals AB times C (surprisingly important). 

4. AB is also the sum of these matrices: (column j of A) times (row j of B). 

5. Block multiplication is allowed when the block shapes match correctly. 

6. Block elimination produces the Schur complement D - CA -1 B. 

• WORKED EXAMPLES • 

2.4 A Put yourself in the position of the author! I want to show you matrix multiplica
tions that are special, but mostly I am stuck with small matrices. There is one terrific fam
ily of Pascal matrices, and they come in all sizes, and above all they have real meaning. 
I think 4 by 4 is a good size to show some of their amazing patterns. 

Here is the lower triangular Pascal matrix L. Its entries come from "Pascal's triangle". 
I will multiply L times the ones vector, and the powers vector: 

Pascal 
matrix 

1 
1 1 
121 
1 3 3 1 

1 
1 
1 
1 

1 
2 
4 
8 

1 
1 1 
121 
133 1 

1 
l+x 

(1 + X)2 

(1 + X)3 

Each row of L leads to the next row: Add an entry to the one on its left to get the entry 
below. Insymbols.eij+.eij-l = .ei +1j . The numbers after 1,3, 3, 1 would be 1,4,6,4, 1. 
Pascal lived in the 1600's, long before matrices, but his triangle fits perfectly into L. 

Multiplying by ones is the same as adding up each row, to get powers of 2. By writing 
out L times powers of x, you see the entries of L as the "binomial coefficients" that are so 
essential to gamblers: 

1 + 2x + lx2 = (1 + X)2 

The number "3" counts the ways to get Heads once and Tails twice in three coin flips: 
HTI and THT and TIH. The other "3" counts the ways to get Heads twice: HHT and 
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HTH and THH. Those are examples of "i choose j" = the number of ways to get j heads 
in i coin flips. That number is exactly lij, if we start counting rows and columns of L at 
i = 0 and j = 0 (and remember O! = 1): 

(.) ., l .. = l = i choose ]0 = __ l_. __ 
IJ. ., (. .)' } J.Z-J. (

4) 4! 24 
2 = 2!2! = (2)(2) = 6 

There are six ways to choose two aces out of four aces. We will see Pascal's triangle and 
these matrices again. Here are the questions I want to ask now: 

1. What is H = L2? This is the "hypercube matrix". 

2. Multiply H times ones and powers. 

3. The last row of H is 8,12,6,1. A cube has 8 comers, 12 edges, 6 faces, I box. 
What would the next row of H tell about a hypercube in 4D? 

Solution Multiply L times L to get the hypercube matrix H = L 2 : 

1 1 1 
1 1 1 1 2 1 
1 2 1 1 2 1 - 4 4 
1 3 3 1 1 3 3 1 8 12 

Now mUltiply H times the vectors of ones and powers: 

1 
2 1 
441 
8 12 6 1 

1 
1 
1 
1 

1 
3 
9 
27 

1 
2 1 
441 
8 12 6 1 

1 =H. 

6 1 

1 1 
2+x 

(2 + x)2 
(2 + X)3 

If x = 1 we get the powers of 3. If x = 0 we get powers of 2. When L produces powers 
of 1 + x, applying L again produces powers of 2 + x. 

How do the rows of H count corners and edges and faces of a cube? A square in 
2D has 4 comers, 4 edges, 1 face. Add one dimension at a time: 

Connect two squares to get a 3D cube. Connect two cubes to get a 4D hypercube. 

The cube has 8 comers and 12 edges: 4 edges in each square and 4 between the squares. 
The cube has 6 faces: I in each square and 4 faces between the squares. This row 8,12,6,1 
will lead to the next row 16,32,24,8,1. The rule is 2hi j + hi j-l = hi+1 j. 

Can you see this in four dimensions? The hypercube has 16 comers, no problem. It 
has 12 edges from one cube, 12 from the other cube, 8 that connect comers of those cubes: 
total 32 edges. It has 6 faces from each separate cube and 12 more from connecting pairs 
of edges: total 2 x 6 + 12 = 24 faces. It has one box from each cube and 6 more from 
connecting pairs of faces: total 8 boxes. And finally 1 hypercube. 
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2.4 B For these matrices, when does AB = BA? When does BC = CB? When does 
A times BC equal AB times C? Give the conditions on their entries p, q, r, z: 

A = [~ ~] B _ [1 1] 
- 0 1 C = [~ ~] 

If p, q, r, 1, Z are 4 by 4 blocks instead of numbers, do the answers change? 

Solution First of all, A times BC always equals AB times C. Parentheses are not 
needed in A(BC) = (AB)C = ABC. But we must keep the matrices in this order: 

Usually AB #: BA 

By chance BC = CB BC = [~ ~] 
B and C happen to commute. Part of the explanation is that the diagonal of B is I, which 
commutes with all 2 by 2 matrices. When p, q, r, Z are 4 by 4 blocks and 1 changes to I, 
all these products remain correct. So the answers are the same. 

2.4 C A directed graph starts with n nodes. The n by n adjacency matrix has aij = 1 
when an edge leaves node i and enters node j; if no edge then aU = O. 

node 1 to node 2 

node 1 to node 1 2 A = [! !] = adjacency matrix 

node 2 to node 1 

The i ,j entry of A2 is Laikakj. This is ailalj + ... + ainanj. Why does that sum 

count the two-step paths from i to any node to j? The i, j entry of Ak counts k-step paths: 

Count paths 
with two edges [

Ito 2 to 1, 1 to 1 to 1 
2 to 1 to 1 

1 to 1 to 2] 
2 to 1 to 2 

List all of the 3-step paths between each pair of nodes and compare with A 3 . 

Solution The number aikakj will be "I" if there is an edge from node i to k and an 
edge from k to j. This is a 2-step path. The number aikakj will be "0" if either of those 
edges (i to k, k to j) is missing. So the sum of aikakj is the number of 2-step paths leaving 
i and entering j . Matrix multiplication is just right for this count. 
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The 3-step paths are counted by A 3 ; we look at paths to node 2: 

counts the paths 
with three steps [ ... ... 

1 to 1 to 1 to 2, 1 to 2 to 1 to 2 ] 
2 to 1 to 1 to 2 

75 

These Ak contain the Fibonacci numbers 0, 1, 1,2,3,5,8, 13, ... coming in Section 6.2. 
Multiplying A by Ak involves Fibonacci's rule Fk+2 = Fk+l + Fk (as in 13 = 8 + 5): 

There are 13 six-step paths from node 1 to node 1, but I can't find them all. 
Ak also counts words. A path like 1 to 1 to 2 to 1 corresponds to the word aaba. The 

letter b can't repeat because there is no edge from 2 to 2. The i, j entry of Ak counts the 
words of length k + 1 that start with the i th letter and end with the j tho 

Problem Set 2.4 

Problems 1-16 are about the laws of matrix mUltiplication. 

1 A is 3 by 5, B is 5 by 3, C is 5 by 1, and D is 3 by 1. All entries are 1. Which of 
these matrix operations are allowed, and what are the results? 

BA AB ABD DBA 

2 What rows or columns or matrices do you multiply to find 

(a) the third column of AB? 

(b) the first row of A B? 

(c) the entry in row 3, column 4 of AB? 

(d) the entry in row 1, column 1 of CDE? 

3 Add AB to AC and compare with A(B + C): 

A(B + C). 

A = [~ ; ] and B = [6 7] and C = [~ ~ ] . 

4 In Problem 3, multiply A times BC. Then multiply AB times C. 
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5 Compute A 2 and A 3 . Make a prediction for A 5 and An: 

A = [~ ~ ] and A = [~ ~]. 

6 Show that (A + B)2 is different from A2 + 2AB + B2, when 

A = [~ ~ ] and B = [~ ~]. 
Write down the correct rule for (A + B)(A + B) = A2 + __ + B2. 

7 True or false. Give a specific example when false: 

(a) If columns 1 and 3 of B are the same, so are columns 1 and 3 of AB. 

(b) Ifrows 1 and 3 of B are the same, so are rows 1 and 3 of AB. 

(c) If rows 1 and 3 of A are the same, so are rows 1 and 3 of ABC. 

(d) (AB)2 = A2 B2. 

8 How is each row of DA and EA related to the rows of A, when 

D = [~ ~ ] and E = [~ ! ] and A = [~ ~ ]? 
How is each column of AD and AE related to the columns of A? 

9 Row 1 of A is added to row 2. This gives EA below. Then column 1 of EA is added 
to column 2 to produce (EA)F: 

EA = [! ~] [~ ~] = [a~c b!d] 

and (EA)F = (EA) [~ !] = [a ~ c a + : ~ i + d ] . 

(a) Do those st~ps in the opposite order. First add column 1 of A to column 2 
by AF, then add row 1 of AF to row 2 by E(AF). 

(b) Compare with (EA)F. What law is obeyed by matrix multiplication? 

10 Row 1 of A is again added to row 2 to produce EA. Then F adds row 2 of EA to 
row 1. The result is F(EA): 

F (E A) = [1 1] [a b] = [2a + c 2b + d] . 
o 1 a+c b+d a+c b+d 

(a) Do those steps in the opposite order: first add row 2 to row 1 by FA, then add 
row 1 of FA to row 2. 

(b) What law is or is not obeyed by matrix multiplication? 
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11 (3 by 3 matrices) Choose the only B so that for every matrix A 

(a) BA = 4A 

(b) BA = 4B 

(c) BA has rows 1 and 3 of A reversed and row 2 unchanged 

(d) All rows of BA are the same as row 1 of A. 

12 Suppose AB = BA and AC = CA for these two particular matrices Band C: 

A--[ac dbJ [1 OJ commutes with B = 0 0 and C = [~ ~ J. 

77 

Prove that a = d and b = c = o. Then A is a multiple of I. The only matrices that 
commute with Band C and all other 2 by 2 matrices are A = mUltiple of I. 

13 Which of the following matrices are guaranteed to equal (A - B)2: A2 - B2, 
(B - A)2, A2 - 2AB + B2, A(A - B) - B(A - B), A2 - AB - BA + B2? 

14 True or false: 

(a) If A2 is defined then A is necessarily square. 

(b) If AB and BA are defined then A and B are square. 

(c) If AB and BA are defined then AB and BA are square. 

(d) If A B = B then A = I. 

15 If A is m by n, how many separate multiplications are involved when 

(a) A multiplies a vector x with n components? 

(b) A multiplies an n by p matrix B? 

(c) A mUltiplies itself to produce A2? Here m = n. 

16 For A = [~ :!] and B = [f g :], compute these answers and nothing more: 

(a) column 2 of AB ; 

(b) row 2 of AB 

(c) row 2 of A A = A 2 

(d) row 2 of AAA = A3. 

Problems 17-19 use aij for the entry in row i, column j of A. 

17 Write down the 3 by 3 matrix A whose entries are 

(a) aU = minimum of i and j 

(b) aij = (-1)i+ j 

(c) aij = i/j. 
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